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Abstract. 

In this article, we build a framework allowing for a systematic investigation of 
the fundamental issue: "Which quantum states serve as universal resources for 
measurement-based (one-way) quantum computation?" We start our study by 
re-examining what is exactly meant by "universality" in quantum computation, 
and what the implications are for universal one-way quantum computation. 
Given the framework of a measurement-based quantum computer, where quantum 
information is processed by local operations only, we find that the most general 
universal one-way quantum computer is one which is capable of accepting 
arbitrary classical inputs and producing arbitrary quantum outputs — we refer 
to this property as CQ-universality. We then show that a systematic study 
of CQ-universality in one-way quantum computation is possible by identifying 
entanglement features that are required to be present in every universal resource. 
In particular, we find that a large class of entanglement measures must reach its 
supremum on every universal resource. These insights are used to identify several 
families of states as being not universal, such as ID cluster states, GHZ states, 
W states, and ground states of non-critical ID spin systems. Our criteria are 
strengthened by considering the efficiency of a quantum computation, and we find 
that entanglement measures must obey a certain scaling law with the system size 
for all efficient universal resources. This again leads to examples of non-universal 
resources, such as, e.g., ground states of critical ID spin systems. On the other 
hand, we provide several examples of efficient universal resources, namely graph 
states corresponding to hexagonal, triangular and Kagome lattices. Finally, we 
consider the more general notion of encoded CQ-universality, where quantum 
outputs are allowed to be produced in an encoded form. Again we provide 
entanglement-based criteria for encoded universality. Moreover, we present a 
general procedure to construct encoded universal resources. 
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1. Introduction 



1.1. Role of MQC in fundamental investigations 

Quantum computers offer a promising new way of information processing, in which the 
distinguished features of quantum mechanics can fruitfully be exploited. The discovery 
of quantum algorithms, most notably Shor's factoring algorithm [T| and Grover's 
search algorithm [2| , demonstrate that quantum computation can achieve a (possibly 
exponential) speed-up over classical devices. This has put quantum computation at 
the focus of contemporary research, and, indeed, significant progress in the theoretical 
understanding of quantum information processing, as well as promising steps toward 
an experimental realization of large-scale quantum computation, have recently been 
reported. In spite of these exciting developments, the basic question: ' Which features 
of quantum mechanics are responsible for the speed-up of quantum computation over 
classical devices?^ remains to date largely unanswered. 

An indication that there might not be a straightforward answer to this 
fundamental but difficult question, is given by the fact that there exist various models 
for quantum computation, such the quantum Turing machine ^3^ , the quantum circuit 
(or network) model [4] , measurement-based models [H [71 [3 O [TOl [HI [T2] , as well 
as adiabatic quantum computation [13] . Although these models have been shown 
to be equivalent in a certain complexity-theoretic sense (colloquially speaking, any 
problem which can be solved efficiently in one of the above models, can also be solved 
efficiently by the others), the elementary concepts underlying these schemes may differ 
significantly. 

Therefore, certain computational schemes may lend themselves more than others 
to understand fundamental issues regarding the power of quantum as compared to 
classical computation. The new paradigm of measurement-based quantum computation 
(MQC), with the one-way quantum computer [5l[6] and the teleportation-based model 
[71 [8] as the most prominent examples, has lead to fresh perspectives in these respects. 
While in, e.g., the circuit model quantum information is processed by coherent 
unitary evolutions, in MQC the processing of quantum information takes place by 
performing sequences of adaptive measurements. Teleportation-based models use joint 
(i.e., entangling) measurements on two or more qubits and thereby perform sequences 
of teleportation-based gates. In contrast, the one-way model uses a highly entangled 
state, the cluster state [14j . as a universal resource which is processed by single-qubit 
measurements only. 

The latter property provides the model of one-way quantum computation — which 
is the focus of this article — with a very distinct feature, namely that the entire resource 
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of the computation is provided by the entangled state in which the system is initiahzed. 
In particular, any computational speed-up of such a model w.r.t. classical computation 
can be traced back entirely to the properties of the resource state. 

What is more, in the one-way model the resource character of entanglement is 
particularly highlighted, as it is clearly separated from the processing of quantum 
information by local, single-qubit measurements. As the latter cannot increase any 
entanglement in the system, all entanglement required for quantum computation 
needs to be initially present in the system. The introductory question of this article 
can therefore be rephrased in a more concise form, namely 'What are the essential 
entanglement features of a resource state for (one-way) MQC that are required to 
obtain a speed-up over classical computation?' The present article will be centered 
around this question. 

We emphasize that, in the following, we will exclusively consider MQC in the 
sense of the one-way quantum computer, i.e., considering only local measurements; 
teleportation-based models will not be considered. 

For proposed implementations of measurement-based computation see e.g. Refs. 
PIIllIIllElIIHlIISlEniEIlES] (further references can be found in Ref. [23:); for 
recent experimental developments see Refs. [24]. 




1.2. Universality in MQC — aim and contribution of this paper 

In this paper, we will be interested in those resource states for MQC which possess the 
strongest computational power possible, namely those which enable universal quantum 
computation, as do the 2D cluster states [J. It is our aim to gain insight under which 
conditions resource states, other than the 2D cluster states, are universal, and what 
the role of entanglement plays in this issue. 

In order to study universality in MQC in detail, it is necessary to have a clearcut 
definition of this notion. We will hence start our study (Sec. [2]) by re-examining what 
is exactly meant by "universal quantum computation" , and what the implications 
are for universality in MQC (Sec. [3|). We will find that the notion of universality 
strongly depends on whether the in- and outputs of a quantum computer are allowed 
to be either classical or quantum. Furthermore, we will argue that the most general 
universal one-way quantum computer is a device which accepts arbitrary classical (C) 
inputs and produces arbitrary quantum (Q) outputs — we will call such a device a 
CQ-universal one-way quantum computer. The property that a one-way quantum 
computer is restricted to accept classical information only, is essentially due to the 
fact that, after the resource state of the device has been prepared, the only allowed 
quantum operations are local operations, which do not allow one to couple in quantum 
input states. One the other hand, the generation of arbitrary quantum output states 
poses no problem (as is the case in the 2D cluster state model) — hence the notion 
of CQ-universality in MQC. As a standard example, the 2D cluster state model is 
CQ-universal. 

After giving a formal definition of what constitutes a (CQ-)universal resource 
state for MQC, we develop a framework which allows a systematic investigation 

I For completeness we mention that we will not investigate whether universal (measurement-based) 
quantum computation can be simulated efficiently on a classical computer, which remains to date 
an unresolved issue. In other words, here we study universal resource states — having the maximal 
computational power which a quantum computer can have — but we do not investigate whether this 
maximal computational power is in fact stronger than classical computation. For studies of the 
possibility of classically simulating quantum computation, we refer to Refs. |25l I26| . 
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of the criteria which need to be met by every universal resource (Sec. [S]). Our 
approach, which has been initiated in Ref. [57], is centered around considerations 
regarding entanglement. In particular, we find that every universal resource needs 
to be maximally entangled, in the sense that every entanglement measure (belonging 
to a well-defined class) must reach its supremum on every universal resource. This 
result subsequently leads to several criteria for universality, by applying the result to 
specific measures. We consider several examples and show that entropic entanglement 
width [27], Schmidt rank width [26], Schmidt measure [28], geometric measure of 
entanglement [521 ISO] as well as measures describing the capability to generate Bell 
pairs, must grow unboundedly on every universal resource — thus, every resource which 
does not exhibit a divergence of the above measures, cannot be universal. This leads 
to several examples of states which are not universal, such as large families of graph 
states, the GHZ states, W states and ground states of non-critical strongly interacting 
ID systems. 

Along the way, we also take efficiency into account (Sec. O. In this case, we 
find that a necessary condition for efficient universality is that the growth of above 
mentioned entanglement measures must be sufficiently fast with the system size — in 
most cases faster-than-logarithmic. These results are again used to provide further 
examples of states which are not efficiently universal. Furthermore, we also construct 
examples of efficient universal resource states, namely graph states corresponding to 
2D hexagonal, triangular and Kagome lattices (Sec. [7]). Here our proof consists 
of showing explicitly that all these resources can be transformed into each other 
(with a certain moderate overhead) by local operations and classical communication 
(LOCC) — and are therefore equally maximally entangled. 

In Sec. [SI we consider a weaker (i.e., more general) form of CQ-universality, 
namely encoded universality, where it is sufficient that the desired output states 
be generated in an encoded form (here the notion of "encoding" is similar to e.g. 
schemes in fault-tolerance and quantum error-correction). After discussing encodings 
and providing a definition for encoded universality, we investigate to which extent 
entanglement-based criteria can be used to assess encoded non-universality. Most 
importantly, we show that the Schmidt measure and geometric measure, as well as 
all measures which are non-increasing under coarsening of partitions of the system, 
give rise to criteria for encoded universality. Furthermore, relying on an "indirect" 
argument of classical simulatability of quantum computation, we also argue that the 
Schmidt rank width provides a criterion for encoded universality. We then also give 
general constructive results; most importantly, extending results put forward in Ref. 
[12] . we find that any universal resource which is itself subsequently encoded in an 
arbitrary way, is an encoded universal resource — which is a nontrivial statement. This 
implies in particular that for any kind of encoding, an encoded 2D-cluster state is an 
encoded universal resource (up to logical Pauli operations). We provide extensions 
to encoded universality and discuss some examples of encoded universal resources 
presented in the literature. 

Finally, a summary of our results and an outlook toward further investigations 
are formulated in Sec. [9l andfTOl 

Remark 1. The main text is supplemented with a number of remarks. Although these 
remarks provide information which is relevant to obtain a detailed understanding of 
the current investigation, they may be skipped in a first reading. o 
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2. General considerations on universality 

In this section, we discuss what a universal quantum computer should be capable of. 
Somewhat unexpectedly, this is not so trivial as one might think at first sight. In 
particular, we will argue that there are several possible definitions, all of which are of 
natural interest depending on which application one might have in mind. 

We will start our discussion by reviewing, in section 12. 1[ some important 
conceptual notions regarding the universality of the circuit model. In investigations 
of universality for general computational models, the circuit model will serve as a 
natural reference. This then leads us, in section 12. 2[ to consider four natural but 
distinct notions of universality of a quantum computer, namely CC-, CQ-, QC, and 
QQ-universality. In each of those notions of universality it is specified whether the 
computer should accept quantum (Q) or classical (C) inputs, and produce quantum 
or classical outputs. 

2.1. Circuit model 

In the circuit model for quantum computation, quantum information is processed by 
applying sequences of unitary gates on quantum states. These gates are typically 
chosen from an elementary set. Universality in the circuit model is defined with 
respect to the possibility of generating arbitrary unitary operations by composition of 
such elementary gates. Namely, a gate set S is called universal if any n-qubit unitary 
operation U g SU{2"), for every n, can be realized as a sequence of elementary gates 
taken from S. 

Notice that in principle the number of gates required to produce a given unitary 
may be unbounded. In practice, however, the number of gates that can be applied 
is limited, and one often considers only n-qubit unitary operations U that can be 
generated efficiently, i.e., with poly(ri) elementary gates. An example of a universal 
gate set Si is given by the two-qubit CNOT gate together with the group SU{2) of 
arbitrary single-qubit gates [31] , and this specific gate set usually serves as a reference 
set to distinguish between efficient and non-efficient gate sets. In particular, one says 
that a set of gates iS is efficiently universal if any U S SU{2^) that can be efficiently 
generated — i.e., with poly(n) gates — using the gate set Si, can also be efficiently 
generated using the gate set S. This implies that efficient universal gate sets can 
simulate the set iSi with polynomial overhead. 

For many practical applications, the exact generation of a unitary operator is not 
required, and an approximate application of U with a certain accuracy e is sufficient. 
Such a finite accuracy shows up very naturally when considering discrete sets of 
elementary gates, such as the CNOT gate plus a finite set of single-qubit gates with 
certain rotational angles |31| . In fact, it turns out that an approximate generation 
of all unitary operations with arbitrary accuracy is possible for many discrete sets 
of elementary gates. The best known examples is the set consisting of single- and 
two-qubit Clifford gates [32] together with a single-qubit tt/8 rotation along the z-axis 
[M] , As established in the Solovay-Kitaev theorem, the overhead to approximate a 
sequence of m elementary gates from the set Si with accuracy e by gates from the 
discrete gate set specified above, scales as 0(mlog''(m/e)), i.e., poly-logarithmically 
in 1/e (where 1 < c < 2) [ST] [33] . 

It is evident from above discussion that universality in the circuit model 
is concerned with the possibility of implementing arbitrary unitary operations. 
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However, regarding the nature of a quantum computation in the circuit model, often 
additional (implicit) assumptions are made concerning both the input and output of 
a computation. Namely, it is often assumed that both the input and the output of 
a quantum computation are classical. This manifests itself in the fact that, first, the 
input state of a computation is typically a standard quantum state |0)®" and, second, 
the last step of the computation — after the unitary operation has been implemented — 
typically consists of a sequence of single-qubit measurements in the standard basis, 
destroying the final quantum state (i.e., transforming it to a simple product state) 
and yielding the classical output. We emphasize that it is not necessary to restrict 
a quantum computation in the circuit model to this classical input-output scenario. 
In particular, arbitrary quantum inputs in the form of n-qubit quantum states \ip) 
can naturally be processed by a (universal) circuit model quantum computer. In 
addition, it is not necessary to perform a final measurement. Without such final 
measurements, the quantum computation produces a quantum state as output, which 
might be used for other purposes. In this general scenario, a circuit model quantum 
computer might be considered as a device which accepts a quantum state as an input, 
processes it by applying a unitary operation (representing the program and possible 
classical input data), and finally produces an output quantum state (together with 
classical information resulting from possible measurements). 

Thus, a (universal) circuit model quantum computer can be regarded as a device 
which accepts either a classical or quantum input, and which produces either a classical 
or quantum output. As we will discuss in more detail in section \2.2\ the different 
choices one can make regarding the types of in- and outputs of a quantum computation 
have a significant impact on the definition(s) of universality one may consider. This 
will be a crucial point in defining and studying universality in measurement-based 
quantum computation. 

2. 2. Different types of universality 

As we have briefly reviewed in the previous section, universality in the circuit model 
is concerned with the possibility of implementing arbitrary unitary operations — be it 
exactly or with a certain precision. 

When considering a quantum computational model other than the circuit model — 
such as the measurement-based model considered here — one can ask in which sense 
it may be called universal. In order to define universality, one typically takes the 
circuit model as a reference, and this is also the strategy which will be adopted here[§|. 
Colloquially speaking, a model is called universal if it can perform the same tasks as a 
circuit model quantum computer. In this section, we make this statement more precise 
(although we will stay at a qualitative level). In particular, we will argue that possible 
definitions of what a universal quantum computer is supposed to be capable of, depend 
on the allowed input and output, which may either be of classical or quantum nature. 

Regarding in- and outputs of a quantum computation, we have the following 
possibilities: 

CC: Both input and output are classical; 

QC: The input is quantum and the output is classical; 

CQ: The input is classical and the output is a quantum; 

§ This strategy is natural because all "standard" models for QC are known to be equivalent, in a 
complexity-theoretic sense, to the circuit model. 
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QQ: Both input and output are quantum. 

The notion of "universal quantum computation" has different meanings depending on 
which of the above cases is considered. In each of these situations, a natural definition 
of universality can be formulated where the circuit model is used as a reference. 
Moreover, we emphasize that we will make a clear separation between universality of a 
quantum computer and the efficiency with which computations can be executed — i.e., 
we will regard universality and ejficient universality as distinct notions (this point will 
be discussed further in section . 

We now consider the cases CC, CQ, QC and QQ one by one. 

CC. — Here it is assumed that both input and output of the computation 
are classical^ i.e., a quantum computer is considered to be a device that solves 
classical problems and provides the solution in the form of classical data. Only at 
an intermediate stage the additional power of quantum mechanics is used to achieve 
an enhanced processing of information. The final step of such a quantum computation 
is usually given by a sequence of (local) measurements performed on the output state, 
which ensures the transition from quantum information to classical information. An 
important example of this kind is given by Shor's factoring algorithm. One may call 
a quantum computer CC-universal if it can perform the same tasks as a circuit model 
quantum computer which accepts classical inputs and produces classical outputs. 
That is, for every unitary U , a CC-universal quantum computer must be capable 
of reproducing the statistics of local measurements performed on the state J/lO)*^". 
Note that, as we do not take efficiency into account yet, a CC-universal quantum 
computer is simply one which can perform universal classical computation (and is 
therefore not different from a classical computer). In order to distinguish a CC- 
universal quantum computer from classical computers, one needs to take efficiency 
into account and demand that the classical data is obtained in polynomial time for 
any unitary operations U that can be generated with a polynomial sized quantum 
circuit. We refer to remark [2] for further details regarding this issue. 

QC. — In this case, the output is still classical, i.e., the final step of the 
computation is given by a sequence of measurements. However, now the input can be 
an arbitrary quantum state \4>iu) that is processed by the quantum computer. The 
input state may be the output state of a previous QQ-quantum computer (see the case 
QQ below), or the state of some physical system which one would like to study with 
the help of a (QC) quantum computer, e.g., the ground state of some spin system. For 
instance, one may wish to learn the value of some observable or entanglement measure, 
or the fact whether a state (or density operator) has positive partial transposition [34] . 
Note that the input state may be known or unknown to the device. Finally, also in 
studies of quantum complexity classes such as QMA, situations are considered where 
devices can accept quantum states as inputs (" certificates" ) [35] . 

A quantum computer is then called QC-universal if it can perform the same tasks 
as a circuit model quantum computer which accepts quantum inputs and produces 
classical outputs. That is, for every (possibly unknown) input state l^iin) and for every 
unitary operation U , a QC-universal quantum computer can reproduce the statistics 
of local measurements performed on the quantum state It/iout) = C^l'/'in)- One may in 
addition take efficiency into account, in the same way as in the case of CC, demanding 
that the overhead with respect to the circuit model is polynomial [jj]. 

II However, for distinguishing such a device from classical computers this is not necessary (a classical 
computer cannot handle a quantum input). 
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CQ. — Here the input is classical but the output of a quantum computation can 

now be a quantum state. Compared to a CC quantum computer, this device has the 
advantage that one can decide at a later stage whether one wishes to obtain classical 
information by performing measurements, or whether one wants to use the produced 
state as the input of a following quantum computation, or whether one wants to use 
this state for another quantum information task — the goal of a quantum computation 
might e.g. be to produce a quantum state which is subsequently distributed over 
several parties, and then used to establish a secret key, for secret sharing, or to perform 
(non-local) two-qubit gates. 

Analogous to the previous cases, we will call a quantum computer CQ-universal 
if it can perform the same tasks as a circuit model quantum computer which accepts 
classical inputs and which produces quantum outputs. That is, for every unitary 
operation U, a CQ-universal quantum computer is able to produce the quantum state 
\4>out) = ?7|0)®". This definition is equivalent to stating that that a CQ-universal 
quantum computer is capable of preparing an arbitrary quantum state. One may 
again add the requirement of efficiency here, calling a quantum computer efficiently 
CQ-universal if the overhead in the above state preparation compared to the circuit 
model is polynomial. 

QQ. — This is the most powerful device, as it can accept quantum states as input 
and can produce quantum states as output. Apart from the applications mentioned 
in (ii) and (iii), such a quantum computer is composable, i.e., the output of a previous 
quantum computation can be used as the input of a subsequent quantum computation. 
In particular this allows one to use distributed quantum processors. Wc will call a 
quantum computer QQ-universal if it can produce the quantum state |0out) = C^l^in) 
for any given input state |^in) and for any unitary operation U. Equivalently, one can 
say that any unitary operation U can be performed on an arbitrary input state. As 
before, the notion of efficiency can naturally be considered. 

2.3. Some remarks 

In this section, we give a number of remarks regarding the above types of universality. 

Remark 2. Separating universality and efficiency. — In the definitions of CC-, CQ-, 
QC- and QQ-universality we have deliberately separated the issue of universality from 
the issue of efficiency. The reason for this is that, in the present study of MQC, we will 
be interested in computational models having a quantum output. In such situations, 
we will argue that a lot can be learned by studying, say, CQ-universality, without 
considering efficiency. This will be in particular the case for the study of necessary 
conditions for CQ-universality: we will present systematic procedures for identifying 
large classes of resource states for MQC which are not CQ-universal, even though 
no considerations of efficiency are included. Finally, we note that in the case of 
CC-universality it is meaningless to separate universality from efficiency; as pointed 
out above, every classical computer is (inefficiently) CC-universal, such that nothing 
can be learned about the differences between classical and quantum computation by 
considering CC-univcrsality without efficiency. o 

Remark 3. Qubits, qudits and encodings. — In the above definitions of the different 
types of universalities, and in the discussion of the circuit model, we have always 
assumed that the physical systems involved are qubit systems (and qubit systems 
only). This does not represent a restriction if one considers classical inputs and 
outputs, as only the information is important in this case; the type and dimension 
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of systems that carry the information is irrelevant 0. The situation is different when 
considering also quantum inputs and/or outputs — i.e., in the CQ, QC, and QQ case. 
There, any computational model typically works with physical systems where the 
individual constituents are associated to a Hilbert space of fixed dimension, such 
that the states which can be accepted and/or produced can only be multi-party d- 
dimensional systems, for some fixed d. For example, it is clear that, when local 
measurements are performed on a cluster state in the one-way model, only qubit 
states can be produced, and not e.g. qutrit states. 

Notice, however, that in many cases it is sufficient to generate or provide quantum 
states in an encoded form. That is, the Hilbert space of a c?-dimensional system can 
be embedded into the Hilbert space of [log2(d)] qubits and in this sense any state of 
n d-dimensional systems can be generated in an encoded form with n' = n ■ \\0g2 {d)~\ 
qubits. We will discuss the issue of encodings in more detail in Sec. \8\ Until then 
we will restrict our considerations to qubits, keeping in mind that higher dimensional 
systems can be produced in an encoded form. o 

Remark 4. Known versus unknown quantum input. — A QC- or QQ-universal 
quantum computer must be capable of processing unknown inputs. Furthermore, 
although a CQ-universal computer can only accept classical inputs, it can simulate 
processes where a QC or QQ computer accepts a known quantum input: namely, 
suppose that a QQ-universal computer accepts a known input state |(/)in) and 
performs a unitary operation U, producing the state |0out) = U\cj)ia}- Then a CQ- 
universal computer can simulate this process by simply classically computing what 
the state |0out) is, and by then preparing this state, which is possible from its CQ- 
universality. When efficiency is taken into account, an efficient CQ-universal computer 
can efficiently simulate any process |(/'in) I'/'out) where (i) C/ is a poly-sized circuit, 
(ii) |0in) can be prepared by a poly-sized circuit and (iii) this last circuit is known; 
for, in this case \4>ont) is simply a state which can be prepared by a known poly- 
sized circuit, which any efficiently CQ-universal resource should be able to generate 
efficiently. o 

Remark 5. Exact versus approximate universality. — In the qualitative treatment in 
section [2.21 we have considered an ideal situation and not talked about approximate 
universality. This is of course an important issue — cf. e.g. the circuit model, where 
finite sets of elementary gates can only be approximately universal. Nevertheless, 
when considering MQC models, it is known that e.g. the 2D cluster states are 
exactly (CQ-)universal, and we will consider only this ideal situation in this paper. 
Approximate universality will be taken into account in upcoming work [36J. o 

3. Universality in MQC 

In this section, we move to our topic of interest, namely (one-way) measurement- 
based models of quantum computation. In section 13.11 we will consider the one- 
way model with a 2D cluster state as a resource state, and we will review in 
which ways it is universal. In fact, we will see that the 2D cluster state model is 
(efficiently) CQ-universal, and that this is the most powerful type of universality any 
MQC model can have (if we only consider local measurements and do not allow for 
additional resources). This leads us to introduce, in section \3l2[ the definition of 

^ We note that, in the CC case, the circuit model working with qudit systems has been shown to 
polynomially equivalent to the qubit circuit model | 31| . 
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"universal resource for measurement-based quantum computation" , which refers to 
CQ-universahty. Afterward we discuss the notion of efficiency in universal MQC. 

3.1. One-way model 

In this section, we first briefly discuss the distinct features of the one-way model for 
MQC having a 2D cluster state as an entangled resource, and then consider in which 
way(s) it is universal. 

The one-way quantum computer was introduced in Ref. [SJ [B]. This 
computational model is in striking contrast to the circuit model, as the processing 
of quantum information is not realized by applying unitary gates (i.e., via physical 
interactions between the qubits), but it takes place solely by performing single- qubit 
measurements. The general procedure of a one-way quantum computation is the 
following: 

(i) a classical input is provided which specifies the data and the program; 

(ii) A 2D cluster state \Cd,-^xd2) of size di x ^2 is prepared, where di and d2 depend on 
the classical input data, the size of output and the length of the computation. A 
cluster state is a particular instance of a graph state. A graph state on m qubits 
is the joint eigenstate of m commuting correlation operators 

Ka-.^ai^^ (g) (1) 

beN(a) 

where N{a) denotes the set of neighbors of qubit a in the graph [53]; a 2D cluster 
state is obtained if the underlying graph is a rfi x d2 rectangular lattice (thus 
m = dic?2). The cluster state serves as the resource for the computation. 

(iii) A sequence of adaptive one-qubit measurements is implemented on certain subsets 
of qubits in the cluster. In each step of the computation, the measurement bases 
depend on the program and on outcomes of previous measurements. A simple 
classical computer is used to compute which measurement directions have to be 
chosen in every step of the computation. 

(iv) After the measurements have been implemented, the state of the system has the 
form |C")|''/'out)i where a indexes the collection of measurement outcomes of the 
different branches of the computation. The states |i/'out) branches are equal 
up to a (local) discrete Pauli unitary operation, i.e., there exists a state |0out) 
such that IV'out) = S"|(/)out) for all a, where is a multi-qubit Pauli operator, 
the so-called byproduct operator; the measured qubits are in a product state |^") 
which also depends on the measurement outcomes. 

Thus, in the one-way model every desired state \(f>aut) can be prepared 
deterministically up to a Pauli operator — even though the results of the measurements 
are random. Only the correction operations (i.e., the local Pauli operations) depend on 
the measurement outcomes, and can be determined via side-processing with a classical 
computer. 

Let us now discuss the different types of universality for the one-way model. 

QC, QQ. — First, note that the one-way quantum computer in its above form 
cannot be QC- or QQ-universal by definition. This is because, in this scheme, one 
is given a 2D cluster state as a resource and the only allowed quantum operations 
are single-qubit measurements corresponding to the classical program. Such local 
operations do not allow the device to accept and process a quantum state. 
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CC. — On the other hand, the one-way model is known to be efficiently CC- 
universal, as was it was proven in Ref. [51 [S] that a one-way quantum computer can 
efficiently simulate any CC-computation in the circuit model. By "efficiently" is meant 
here that the number of measurements as well as the number of additional qubits and 
the temporal overhead required to simulate the transformation |0)®" U\0)®" scale 
polynomially with the number of gates required to generate the unitary U (we refer 
the reader to section [3731 for a deeper treatment of efficiency in MQC). Note also that 
the fact that, in the one-way model, output states can be prepared up to local Pauli 
operators does not cause any restriction, as these Pauli corrections can be incorporated 
by accordingly changing the final measurement bases in the algorithm. 

CQ. — Even stronger, with a slight modification the one-way model can be made 
to be CQ-universal and even efficiently CQ-universal. This is achieved by allowing as 
basic operations, next to the local measurements, also (local) Pauli operations. If such 
local unitaries are allowed, then it follows from the above that any niulti-qubit state 
can deterministically be prepared by performing local measurements on a sufficiently 
large 2D cluster state, making the model CQ-universal. Efficient CQ-universality is 
obtained by again noting that the transformation |0)®" t/|0)®" can be simulated 
with polynomial overhead w.r.t. the circuit model. 

Remark 6. Making the one-way model QQ-universal. — As pointed out in remark^ it 
follows from the efficient CQ-universality of the one-way model that it can efficiently 
simulate certain processes where a known input state is transformed by poly-sized 
unitary operation. Here we further remark that the one-way model can be made fully 
QQ-universal by allowing an additional resource, an "input coupler", which allows one 
to couple in unknown quantum states 0- When |0in) is a (possibly unknown) input 
state on n qubits, this additional resource simply consists of n controlled phase gates 
UpG = diag{l, 1,1,-1) which are applied — initially, and only once — pairwise between 
every qubit of |(/)in) and every second qubit on the "left side" of a 2n x m cluster state 
(for some m = poly(n)). It was shown in Ref. [5ll6] that for every unitary operation 
U there exists a sequence of local measurements, implemented on the resulting state, 
which can generate the state t/|<^in) on some subset of the cluster with polynomial 
overhead — making the model efficiently QQ-universal. Note that a particularly nice 
feature of this result is that the measurement protocol is independent of the input 
state and only depends on the unitary operation U . Finally, we emphasize that this 
scheme goes somewhat beyond the present investigation, as the controlled phase gates 
introduce additional entanglement in the system, going away from the LOCC-only 
scenario in which we are interested here (see, however, observation [3l in section [4.21 o 

3.2. General definition 

We conclude from the above discussion that the most general universality exhibited 
by the one-way model is (efficient) CQ-universality. This is the situation we will have 
in mind when studying general universality in MQC — i.e., we will be interested in 
CQ-universality of general resource states. The main motivation for this is that CQ- 
universality is the most general and powerful type of universality any LOCC-based 
MQC model can have. In particular, any resource which is (efficiently) CQ-universal is 
also (efficiently) CC-universal, and, as we shall see in observationlSl it is efficiently QQ 
universal if supplemented with an input coupler. Furthermore, we will show in section 

+ See also "Scheme 1" QQ) versus "Scheme 2" CQ) in Ref. [6]. 
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[5] that a systematic study of the properties which make a resource CQ-universal, is 
possible, whereas systematic treatments of e.g. CC-universahty in MQC are presently 
far less within reach. Henceforth, when referring to "universality" we will always mean 
"CQ-universality" . 

We now have a computational model in mind where quantum algorithms are 
implemented by performing local measurements (or, more generally, LOCC — see 
remark [8]) on a resource state, as in the cluster state model, and we will give a 
qualitative definition of a universal resource. 

If one wants to avoid talking about infinitely large states, universality is to be 
regarded as a property that is attributed, not to a single state, but to a family of 
infinitely many states 

* = {|Vi),|V'2),...}, \<f\=oo. (2) 

When considering the 2D cluster state model, it is indeed clear that it is not one 
cluster state which forms a universal resource, but rather the family of all 2D cluster 
states; this is most evident in step (ii) in section [3TT1 where the size of the cluster state 
depends on which output state is to be prepared, or which quantum algorithm is to 
be executed. 

Before stating the definition of universal resource, we will need the following 
notation. Let {ip) be a multi-qubit state defined on a set of qubits {1, . . . , TV}, and let 
1^) be an n-qubit state, where n < N. We will use the expression \tp) >locc I'/') to 
denote that there exists a subset of qubits A C {1, . . . , N}, where \ A\ — n, such that 
the transformation 

m - i'/'>^io)^ (3) 

(where A := {1, . . . , N} \ A) is possible by means of LOCC with unit probability. 

We can now state the following definition of universal resource, first put forward 
inRef. [27]. 

Definition 1. (Universal resource): A family of states ^ = {lipi) ,\ip2) , ■ ■ ■} is 
called a universal resource for MQC if, for every n, and for every n-qubit quantum 
state \4>out), there exists a resource state \^pi) € 5* such that lipi) >locc \4>out)- 

Thus, we will e.g. say that the family of 2D cluster states 

*2D :={|Cixl), 1^2x2), IC3X3),...}, (4) 

is a universal resource for MQC, as any multi-qubit state can be prepared 
(deterministically and exactly) by performing LOCC on 2D cluster state of appropriate 
size. 

The above definition essentially expresses that a universal resource needs to be 
capable of preparing any quantum state. Note that we can associate the output 
quantum state |0out) with a unitary operation U via 

|0out) C/|0)«". (5) 

This association makes evident that above definition is concerned with (CQ-)universal 
quantum computation, in the sense that a universal resource can simulate any unitary 
operation U acting on a fixed input state |0)^". 

We now make several remarks regarding the above definition. 

Remark 7. Ignoring efficiency (see also Remark — In definition [T] the issue 
of efficiency is deliberately omitted; for example, in this definition we do not put 
any restrictions on how large a resource state is allowed to be in order to prepare 
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a desired output state. The reason for this is, as we wiU show in section [51 that 
several interesting aspects of universahty can already be understood without taking 
the additional difficulty of efficiency into account. In particular, this approach will 
show its merit when considering necessary conditions for universality. In section [5] 
we will present a systematic approach to obtaining many examples of non-universal 
resources — which a fortiori cannot be efficient universal resources either — without 
having to consider efficiency issues. Needless to say that efficiency is of course an 
important aspect of the investigation; we will treat this issue — separately — in the 
next section, where we provide a definition for an efficient universal resource. o 

Remark 8. LOCC versus measurements only. — In definition [1] we slightly extend the 
framework of one-way quantum computation and allow for sequences of arbitrary local 
operations and classical communication, rather than only local measurements and local 
Pauli operations. In this way, the main feature of the one-way model is maintained, 
namely that resource states are processed by local operations. The resource character 
of entanglement is particularly highlighted, as LOCC operations are the most general 
operations which cannot increase entanglement. Hence the resource state includes 
all the necessary entanglement which is used up (in part) during the computation. 
Of course, it is clear that in realistic situations one would favor resources which are 
universal by local measurements (and some additional local corrections) only. Note 
that the examples of universal resources we will present in section [71 are all of this 
form. o 

Remark 9. Exact deterministic universality. — Definition [T] represents an ideal 
situation, where we demand that states can be prepared exactly and with unit 
probability, i.e., it is a definition of exact, deterministic universality. In realistic 
conditions, it often suffices that output states can be prepared with an arbitrary 
high accuracy, and with a probability which is arbitrarily close to one. This realistic 
scenario (called approximate, quasi- deterministic universality) will not be treated in 
the present paper, where we stay with the ideal case in order to outline the main 
methods of this study. The reader is referred to a subsequent article, Ref. [36^, for a 
treatment of approximate, quasi-deterministic universality. o 

Remark 10. Fixed vs. random output particles. — In the above definition for 
universality, it is assumed (as implicitly also done in Ref. [27]) that in all possible 
branches of the LOCC protocol, the output state |</>out) is prepared on the same 
output particles — see the discussion preceding definition [H These output systems 
may in principle be unknown at the beginning of the LOCC protocol, but need to 
be the same for all branches of the protocol. Such a requirement is natural in the 
context of CQ-universality, where a quantum output can be further processed and 
used as a resource for some tasks that are specified at a later stage. One would like 
to know (favorably already in advance) on which particles the desired state is going 
to be prepared. A situation where this is necessary is e.g. given by the on-demand 
preparation of a certain resource state for distributed security applications that can 
be specified by the involved parties at some stage. In this case, every party holds one 
of the output particles, and the preparation of the desired state takes place by LOCC 
at some point. 

The requirement of fixed output systems can in principle also be dropped. In this 
case, one demands instead that the output state can be generated between some, not 
previously specified, subset of particles. The subset of particles may even be random, 
depending e.g. on outcomes of measurements in the LOCC protocol. Note that in the 



CONTENTS 



15 



context of CC-universality it is in fact natural that one does allow for random output 
systems (in fact, the classical output of a "CC" cluster state quantum computation is 
derived by classical post-processing on the outcomes of measurements on all measured 
particles, so it is not clear that this output is localized on the qubits in a strict sense). 
In the following, we will not consider the possibility of random output systems. We 
remark, however, that some of the results we obtain in the next sections crucially 
depend on the assumption of a fixed output systems. We will again comment in 
remark [TBI on the possibility of random output systems. o 

3.3. Efficient universality 

In classical computation and quantum computation, efficiency is a central issue. 
Although the above definition of universality does not take efficiency issues into 
account, it is nevertheless useful. As we have argued to some extent in the previous 
section, and as will become more evident in the next one, it is not necessarily required 
to consider efficiency. Even when allowing for (exponential) overheads in temporal and 
spatial resources, and for unlimited classical computational power, one can still rule 
out large families of states to be not universal. Clearly, if one also considers efficiency, 
one obtains stronger criteria for non-universality, and from a practical perspective 
only resources which are (in the sense specified below) efficiently universal are useful. 

3.3.1. Various efficiency issues In MQC, the generation of a n-qubit state |'/'out) 
takes place by performing sequences of single-qubit measurements, or, more generally, 
LOCC, on a resource state of iV > n qubits. In such a process, there are several 
efficiency issues that one needs to consider: 

(i) Spatial overhead. — This refers to the required size N of the resource state, since 
at most N — n qubits need to be measured in order to generate |0out)- We will 
say that the preparation of |0out) by performing LOCC on a resource state is 
efficient with respect to spatial overhead if = poly(n), i.e., only polynomially 
many resource qubits are required. 

(ii) Temporal overhead. — This refers to the required time steps to implement the 
sequence of LOCC. If one is restricted to projective measurements, then the 
number of time steps is at most N — n. As shown in Ref. [SJ [6], many 
measurements can be performed simultaneously; e.g., all measurements devoted 
to implement Clifford operations in the corresponding quantum circuit can be 
done in a single time step. For general LOCC, the situation is different. While 
it might still be possible to operate on several qubits simultaneously, sequences 
of adaptive local operations of arbitrary length are conceivable. We will say that 
the preparation of |(/>out) by performing LOCC on a resource state is efficient with 
respect to temporal overhead, if the number of steps in the LOCC protocol that 
cannot be performed in parallel is poly(n), i.e., only polynomially many time 
steps are needed. 

(iii) Classical side-processing. — This is an essential part of the one-way model, where 
one needs to keep track of basis changes, and where one has to decide how 
measurements (or, more generally, local operations) are adapted depending on 
outcomes of previous measurements. Classical processing may also be required 
for other purposes (e.g., when considering error correction). We will say that the 
preparation of |(/)out) by performing LOCC on a resource state is efficient with 



CONTENTS 



16 



respect to classical side-processing if the overhead for classical computation is 
polynomially bounded in space and time. Notice that in the 2D cluster state 
model, the time complexity of classical side-processing only scales as log(n). 

(iv) Description- and preparation complexity of resource states. — Throughout this 
paper, we will only be interested in whether (families of) resource states are 
universal for MQC or not, and we will not be concerned with potential difficulties 
to describe the resource states efficiently, or whether they can be prepared 
efficiently |37]. We will rather assume that the resource states are provided. 

Remark 11. Description and preparation complexity. — For practical purposes, it 
may, however, be important to take the issue (iv) into account. In particular, the 
possible efficient preparation of resource states might be crucial to determine whether 
MQC could be realized in practice with a given (family of) resource state(s). By 
efficient preparation is meant that a resource state of N qubits can be prepared with 
help of a quantum circuit with poly(Af) elementary gates. Notice, however, that 
other ways of preparing resource states are conceivable. For instance, states that 
occur naturally as ground states of certain physical systems may be universal resource 
states. If one could find such universal resource states, then the problem of efficient 
generation by a quantum circuit becomes irrelevant. o 

Remark 12. We (implicitly) assume that the label fc in a family of resource states 
^ = {|V'fc)}fc only serves as some index to a set of quantum states (most of the times 
we will have some regular structure in mind and k is simply related to the size of the 
structure), and is not used to provide additional computational power. o 

3.3.2. Definition of efficient universality Having the above efficiency issues in mind, 
the following question arises: which states should he efficiently preparahle from an 
efficient universal resource? Evidently, there are many quantum states \(j)o\it) that 
cannot be generated efficiently even in the circuit model. As already mentioned in 
section 12. 2[ in the definition of efficient universality for MQC, we will refer to the 
circuit model and demand that all states that can be efficiently prepared in the circuit 
model should also be preparable efficiently in an MQC model. Efficient generation of 
an n-qubit state |(/)out) with n arbitrary in the the circuit model means that there 
exists a polynomial-size quantum circuit, i.e., consisting of poly(n) elementary gates, 
which generates the family of these states with n increasing from a product state. 
Efficiency in the MQC model refers to efficiency with respect to spatial and temporal 
overhead and classical side-processing, all of which need to be poly(n). This is made 
precise in the following definition. 

Definition 2. (Efficient universal resource) A family of states 5* is called an 
efficient universal resource for MQC if the following is true: for every family of states 
{|'/*out)}r!°=i which can be obtained by a poly (n)- sized family of quantum circuits, and 
where |0i"t) ^■^ state on n qubits, there exists a subfamily 

mj}n=l C ^, (6) 

where \tpi,^) is a state on at most N = poly(n) qubits, such that the transformation 

l^.„>-l0iub|O)®(^-") (7) 

is possible by means of LOCC in poly(n) time, using classical side processing that is 
polynomially bounded in space and time. 
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Thus, as already stated in section 13.11 the set ^'2d oi d x d cluster states is an 
efhcient universal resource. Indeed, as pointed out earlier, every state which can be 
prepared by a poly-sized network, can also be prepared efRciently in the one-way model 
[to be precise, one can only meaningfully say that a family of states is generated by 
a poly-sized network, rather than a single state. Henceforth, whenever we refer to "a 
state" which can be prepared by a poly-sized circuit" , we will mean "family of states"]. 

Remark 13. Equivalently to the above definition, one may define that an efficient 
universal resource is capable of efficiently preparing any state which can be efficiently 
prepared in the one-way model. In this way, one would obtain a definition of efficient 
universal resources for MQC which is stated entirely in terms of measurement-based 
schemes. o 

Remark 14. Note that the 2D cluster states can be described and, more importantly, 
prepared efficiently (as is the case for all graph states) [23l [38]. In particular, the 
preparation of an iV-qubit 2D cluster state requires only 0{N) (more precisely: 2A^) 
phase gates, most of which can be performed in parallel. The 2D cluster state can 
hence be prepared in linear time in the circuit model. <> 

4. Observations 

In this section, we will present a number of straightforward observations which will 
turn out to be crucial to establish both necessary and sufficient criteria for (efficient) 
universality. 

4.I. Universality and the 2D cluster states 

We start with a key observation regarding universal resources which has already been 
presented in Rcf. [27] . 

Observation 1. A set of states is a universal resource if and only if all 2D cluster 
states \Cdxd) (for all d) can be prepared (deterministically and exactly) from the set 
* by LOCC. 

Necessity of the condition follows from the fact that a universal resource should 
be capable of preparing any quantum state, in particular an arbitrary 2D cluster state. 
Sufficiency follows from the fact that once a 2D cluster state of arbitrary size can be 
created, one can use the one-way model for quantum computation to generate any 
quantum state by LOCC [S] [6] . 

Note that a direct consequence of this observation is that every CQ-universal 
resource can immediately be made QQ-universal by reducing it to the 2D cluster 
state model. This can be seen as follows. Due to the fact that from any universal 
resource a 2D cluster state can be generated, a possible way to perform an arbitrary 
(CQ) quantum computation (i.e., to generate an rt-qubit state |0out) — is to 

first generate a sufficiently large 2D cluster state, and then continue with the same 
LOCC protocol as in the one-way model. In particular, this allows one to use the 
same methods and techniques as in the one-way model for MQC to process classical 
inputs. What is more, in this way any CQ-universal resource 4" can immediately be 
made QQ-universal by supplying ^ with the same input coupler (i.e., an additional 
resource in the form of a simple round of n Bell measurements or controlled phase 
gates) as in the one-way model. 
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Observation 2. Every CQ-universal resource can be made QQ-universal by alloiuing 
quantum inputs to be coupled in to the resource by the same input coupler as in the 
one-way model, provided e.g. by n Bell measurements or phase gates. 

This observation illustrates in particular that there is no severe restriction in the 
fact that MQC schemes (within the framework "resource state plus LOCC") can only 
be CQ-universal, since only a small step is required to go from CQ-universality to the 
most general notion of QQ-universality. 

4-2. Efficient universality and the 2D cluster states 
An observation for efficient universality is the following. 

Observation 3. A set of states 5* is an efficient universal resource if and only if 
all 2D cluster states \Cdxd) (for all d) can be efficiently prepared from the set 
by LOCC, i.e., with polynomial spatial and temporal overhead, and with polynomial 
classical side-processing. 

Necessity of the condition follows from the fact that an efficient universal resource 
must be capable of preparing the 2D cluster states efficiently, since these states can be 
prepared efficiently in the circuit model. Sufficiency follows from the fact that, once 
a 2D cluster state of arbitrary size can be created efficiently, one can use the one-way 
model to efficiently generate any quantum state that can be efficiently generated in 
the circuit model (as discussed in the previous section). 

Again, this observation leads to one possible way of performing the computation 
by generating first a 2D cluster state and then using the corresponding LOCC protocol 
of the one-way model. Similar as in the case where efficiency was not considered, it 
follows that any efficient CQ-universal resource is also efficiently QQ-universal when 
allowing for same supplementary resource ( "input coupler" ) as in the one-way model 
for MQC. 

4.3. Equivalence of universal graph states 

The next observation is concerned with a particular family of potential resource states, 
the graph states [23]. Consider a family ^ where all members are graph states, and 
consider the case where we are interested only in preparing a specific quantum state. In 
principle it is conceivable that such a specific task can be performed more efficiently for 
certain graph resource states than for the 2D cluster state. The following observation, 
however, shows that this is not the case. 

Observation 4. Any quantum state that can be prepared from a graph state resource 
with polynomial temporal and spatial overhead by means of LOCC, can also be prepared 
from a 2D cluster state with polynomial temporal and spatial overhead. 

This observation implies that one cannot hope for an (exponential) speedup, 
even to prepare certain specific states |0out) (or, equivalently, to perform some specific 
unitary operation, i.e., algorithm) within the measurement-based model if the resource 
states are general graph states. The one-way model based on the 2D cluster state is 
already optimal in this respect. The observation immediately follows from the fact 
that any graph state of n qubits can be prepared efficiently in the circuit model with 
at most n{n — l)/2 two-qubit phase gates [23]. This implies that any graph state can 
also be prepared efficiently, i.e. with polynomial overhead in spatial and temporal 
resources, and in classical side-processing, from a 2D cluster state. 
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Note that the reverse of this observation is not necessarily true. One can imagine 
famihes of graph states that are designed in such a way that they include a useful 
part (e.g., some form of 2D cluster state of restricted size), but in addition there are 
a large number of useless "dummy" -particles. If for a fixed number of qubits N the 
number of dummy-particles is exponentially larger than the useful part of size n, then 
one will always have an exponential overhead in spatial resources, e.g., to prepare a 
n-qubit cluster state. 

Nevertheless, if we restrict ourselves to efficient universal graph state resources, 
one finds that all such resources are equivalent, as they can be obtained from each 
other with polynomial spatial and temporal overhead. 

Observation 5. All efficient universal graph state resources can efficiently be obtained 
from each other by means of LOCC. 

This property follows from the fact that all graph states can be prepared efficiently 
in the circuit model. 

5. Criteria for universality and no-go results 

In this section, we formulate several requirements which every universal resource must 
meet. These necessary conditions are all formulated in terms of entanglement — as 
measured by certain appropriate entanglement measures — which needs to be present 
in every universal resource, hence emphasizing the role of entanglement as a resource 
for MQC. 

In section 15.11 we give an outline of the general strategy which will be used to 
formulate criteria for universality. After this, in sections 15.21 through 15. 5( we apply 
this approach. We formulate several necessary conditions for universality, and give 
numerous examples of resources which do not comply with these criteria, and which 
hence cannot be universal. 

5.1. Type II entanglement monotones 

In this section, the general strategy to obtain necessary conditions for universality is 
outlined. We emphasize that, at this point, we are only concerned with universality, 
and not with efficient universality. The additional aspect of efficiency will be treated 
in section [6] 

First we need some deffiiitions and notation. Let E{\il>)) be a functional deffiicd 
for all n-qubit states for all natural numbers n. We denote by E* the supremal 
value of E, when the supremum is taken over all possible n-qubit states, for all n (the 
case E* — Qo \s allowed): 

E* := sup E{m. (8) 

all 

Furthermore, letting = IV'2), . . .} be an arbitrary resource, we define E{'^) to 

be the supremal value of E, when the supremum is taken over all states in the resource 
i.e., 

£;(*):= sup E{\4>^)) (9) 
|i/'i>e* 

We are now interested in functionals E satisfying the following property: 

(PI) E{\il))) > E{\ip')) whenever \tjj) >locc W), for every iV-qubit state and n- 
qubit state \tp'), and for every N, n with N >n. 
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Property (PI) states that E is a measure which is non-increasing under deterministic 
LOCC interconversion between (pure) quantum states. Measures satisiying this 
property are similar to entanglement monotones |391 |4Pj, which are defined to be 
non-increasing on average under LOCC. A functional satisfying property (PI) will 
henceforth be called a type II entanglement monotone in order to distinguish it from 
the standard notion of an entanglement monotone; the latter will be called a type I 
monotone. We refer the reader to the end of this section for a more thorough discussion 
concerning type I and type II monotones. 

We can now formulate the following simple result, which will be central to our 
analysis. 

Theorem 1. Let '5 be universal resource and let E be a type II entanglement 
monotone. Then E{'^) = E* . 

Proof: As 4' = {IV"!)! 1^2), . . .} is universal resource, there exists, for every multi- 
qubit state a state \tpi) G ^' (dependent on |0)) such that \tpi) >locc \(h). This 
implies that E{\ipi)) > E{\ip)), since E is a. type II monotone. This immediately 
implies that 



Using the definition of E* as a supremum then implies that E{'^) — E* , yielding the 



As an immediate corollary to theorem [T] and the universality of the 2D cluster 
states, we find the following: 

Corollary 1. Let E be a type II monotone and let "^20 be the family of 2D cluster 
states. Then £;(1'2d) = E* . 

Theorem [1] states that all universal resources — as e.g. the family of 2D cluster 
states — are maximally entangled, in the sense that every type II monotone E has 
to reach its supremum on every universal resource. Note that this implies that all 
universal resources have many entanglement features in common, namely all features 
quantified by type II monotones. In order to investigate the entanglement present in 
general universal resources, it therefore suffices to single out one such resource — say, 
the family of 2D cluster states — and study its entanglement features as measured by 
the functionals E. In this sense, the entanglement present in the 2D cluster states is 
representative for the entanglement present in all universal resources. We emphasize 
that the 2D cluster states a priori do not play a distinguished role in this context, as 
they can be replaced by any other universal resource. However, they usually form an 
appropriate test-bed, as many of their properties have already been established (see 
e.g. Ref. [13]), and since the fact that these states are graph states often allows one 
to use powerful tools from the stabilizer formalism [32j to investigate their properties. 

Evidently, in order to show that a given family of states is not universal, it suffices 
to find a suitable measure E such that theorem [1] is violated: 

Corollary 2. Let be a resource, and suppose that there exists a type II monotone 
E, such that E{^) < E* . Then cannot be a universal resource. 

This corollary captures the main strategy which will be adopted in the following 
in order to obtain necessary conditions for universality. To arrive at a criterion, one 
simply has to specify a functional E, prove that it is a type II monotone, and finally 
compute its supremum E* . Note that, in order to compute E*, it suffices to compute 



£;(1') > aupE{\(l))) = E*. 

10) 



(10) 



desired result. 



□ 



CONTENTS 



21 



the supremal value of E on the 2D cluster states, or any other universal resource. This 
is sometimes (but not always) more convenient than considering the definition of E* 
as a supremum over all states, as we will see below. 

Note that the definition of a type II monotone is related to, but slightly different 
from, the definition of a (type I) entanglement monotone as introduced in Ref. ^Qj. A 
(type I) entanglement monotone M is a functional defined on the set of n-qubit states 
such that M decreases on average under LOCC (where usually LOCC between states 
of the same system size are considered). That is, if an LOCC protocol is executed 
on an n-qubit input state leading to n-qubit output states in the different 

branches of the protocol, with probabilities {pi}, then a monotone M by definition 
satisfies 



This is slightly different from the requirement (PI) for two reasons. First, in (PI) 
deterministic LOCC conversions between two states and are considered, rather 
than protocols with different output states occurring with certain probabilities — hence, 
in (PI) there is no averaging as in (fTT|) . Second, in (PI) states of possibly different 
system sizes {N and n) are compared. 

Despite of these differences, it is clear that there exists a large overlap between 
type I and type II monotones. In particular, note that, for every n-qubit type I 
monotone M, one has Af(|-0)) > M{\il;')) for any pair of n-qubit states such that 
can deterministically be transformed into by means of LOCC (note again that 
here states of the same system size are considered) . Therefore, it comes a no surprise 
that several type I monotones are also type II monotones. The following result is 
easily verified. 

Theorem 2. Let EQip)) be a functional defined for all n-qubit states {"tjj), for all 
natural numbers n. Suppose that the following statements hold: 
(i) E is a type I entanglement monotone — i.e., E is non-increasing on average under 

LOCC, when states of the same system size are considered; 
(a) E(\tp)\0)) = E{\^)) for every multi-qubit state — i.e., E is invariant under the 

addition of an uncorrelated one-qubit state (constituting an extra party). 

Then E is a type II monotone. 

Thus, all type I entanglement monotones which arc invariant under the adding 
of uncorrelated single-qubit states, are also type II monotones, and thus are suitable 
measures to obtain necessary conditions for universality. We will encounter examples 
of this below. 

On the other hand, we emphasize that several type I entanglement monotones 
do not meet requirement (ii) in theorem [2l and are therefore not useful to obtain 
necessary conditions for universality. Examples of such measures can straightforwardly 
be obtained as follows. Consider any type I monotone E which is defined by averaging 
a bipartite monotone E over all bipartitions of the system. It is clear that E then 
does not satisfy (ii), as appending one-qubit parties which are disentangled from the 
rest of the system will decrease the average entanglement. Therefore, the class of such 
'averaging' type I monotones E do not give rise to suitable necessary conditions for 
exact deterministic universality. Other examples can easily be given. 

Finally, we note that there exist type II entanglement monotones which are not 
type I monotones. We refer to e.g. the next section, where it is shown that the entropic 
entanglement width is a type II but not a type I monotone. 




(11) 
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In the following sections (i.e., sections 15.21 to [53]) . we will follow the approach 
formulated after corollary [5] by applying it to several measures E. We will in particular 
consider the entanglement width measures, several measures related to localizahle 
entanglement, the geometric measure of entanglement and the Schmidt measure. 
Necessary conditions for universality will be obtained by showing that these measures 
are all type II monotones. Moreover, we will encounter examples of resources 
which violate at least one of the resulting criteria, such that these resources cannot 
be universal. 

5.2. Entanglement width 

In this section, we discuss two measures, introduced and investigated in Refs. |27ll26j . 
namely the entropic entanglement width and the Schmidt-rank width. We will show 
that these measures are type II monotones, and hence give rise to criteria for 
universality. We will subsequently use these criteria to obtain several examples of 
non-universal resources. 

5.2.1. Definitions The entropic entanglement width ii^wd (IV')) of an multi-party state 
lip) is an entanglement measure introduced in Ref. [27j. This measure computes 
the minimal bipartite entanglement entropy in the state |'0), where the minimum is 
taken over specific classes of bipartitions of the system. The precise definition is the 
following. 

Let IV') be an A^-qubit pure state. A tree is a graph with no cycles. Let T be 
a suhcubic tree, which is a tree such that every vertex has exactly 1 or 3 incident 
edges. The vertices which are incident with exactly one edge are called the leaves 
of the tree. We consider trees T with exactly N leaves V := {!,..., iV}, which 
are identified with the N qubits of the system. Letting e — {i,j} be an arbitrary 
edge of T, wc denote by T \ e the graph obtained by deleting the edge e from T. 
The graph T \ e then consists of exactly two connected components (see Fig. [1]), 
which naturally induce a bipartition {A?p,B^) of the set of qubits V. We denote 
the bipartite entanglement entropy of |V') with respect to the bipartition (Afp,B^) 
by EA'^,B^^m), where EaMW) = -Tr {p a log^ Pa) with pA = Tr^dV-) (V'D- The 
entropic entanglement width of the state IV") is now defined by 

E^dim nun max (| V)), (12) 

where the minimization is taken over all subcubic trees T with N leaves, which are 
identified with the N parties in the system. Thus, for a given tree T we consider the 
maximum, over all edges in T, of the quantity Ea^ .s= (IV')); then the minimum, over 
all subcubic trees T, of such maxima is computed. 

Similarly, one can use the Schmidt rank, i.e., the number of non-zero Schmidt 
coefficients, instead of the bipartite entropy of entanglement as a basic measure. One 
then obtains the Schmidt-rank width, or x^width, denoted by XwddV")) |26j . The 
precise definition is the following. Let (IV')) denote the number of non-zero 

Schmidt coefficients of |V') with respect to a bipartition {Afp,B^) of V as defined 
above, i.e. xa,b(|V')) = rank(pyi). The x-width of the state |V') is defined by 

XwddV-)) niinniaxlog2 XA^^s- dV"))- (13) 
Note that, since the inequahty 

\0g^XA,Bm)>EA,Bm) (14) 
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Figure 1. (a) Example of a subcubic tree T with six leaves (indicated in blue), 
(b) Tree T \ e obtained by removing edge e and induced bipartition {A^, B^). 

holds for any bipartition (A, B) of the system and for any state we have 

Xwd(l^)) > i^wddV')). (15) 

The entanglement width measures are extensively studied in Refs. [571 US], to which 
we refer the interested reader for more details. In particular, it was shown that the 
Schmidt-rank width can be given a natural interpretation, as this measure quantifies 
the optimal description of a state in terms of a tree tensor network. 



5.2.2. Formulation oj the universality criterion Next we prove that -E^d and Xvid are 
type II monotones. First we focus on the entropic entanglement width. 

Theorem 3. The entropic entanglement width Ewd{\'4')) a type II monotone. 

Proof: Let |(/)) and |(/)') be two n-qubit states, such that \(j)) is (deterministically) 
convertible by LOCC into | </>'). Let Tq be a subcubic tree such that 

max =i?„d(|0)). (16) 

Moreover, let eo be an edge of Tq such that 

d-^')) = max (!</>')). (17) 

We then have: 

E^M)^ max i;A|,^,Be^(|0)) 

>^^A-,B-(I0)) (18) 

>^^A-',B-(I0')) (19) 

= max Ea^ b- (20) 

> £^wd(|0'))- (21) 

Further, suppose that lip) and IV'') be A^-qubit and n-qubit states, respectively, such 
that >Locc Then the above implies that 

E^4m>E„d{\^P')\0)^-^). (22) 

The result is obtained if £^wd(|'/') |0)) — E„d{\i^)) for all states \^p). This is essentially 
implied by the following property. Suppose that Itjj) is an A^-qubit state defined 
on a set of qubits V := {1, . . . ,N}, and suppose that |'(/')|0) is defined on the set 
V ■.^{l,...,N,N+l} = VU{N + 1}. Letting (A, B) be an arbitrary bipartition of 
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V and writing A' := AU {N +1}, we have EA^siW) = Ea'^b{W\0))- This property 
can straightforwardly be used to show that the entropic entanglement width is the 
same for the states |-0) and |i/')|0)- □ 

Notice, however, that the entropic entanglement width is not a type I 
entanglement monotone. Despite the fact that (PI) is satisfied, this measure can 
increase on average under LOCC. This is most easily verified by considering the 
example of a three-qubit W state [12], from which maximally entangled pairs shared 
between random pairs of parties can be generated with probability arbitrarily close to 
one [41]. While the entropic entanglement width of the W state is smaller than one, 
the entanglement width of the output Bell pairs is equal to one. 

An argument similar to the proof of theorem [3] can be used to prove that the 
Schmidt-rank width also satisfies (PI), i.e., this measure is a type II monotone. In 
fact, as is e.g. shown in Ref. [33], the Schmidt rank is non-increasing under stochastic 
local operations and classical communication (SLOCC). It follows that in contrast to 
the entropic entanglement width, the Schmidt rank width is a type I entanglement 
monotone, and even satisfies a stronger condition: 

Theorem 4. Consider and N-qubit state \ip) and an n-qubit state \tp') with N > n, 
such that I?/') can be transformed into |'0')|O)^~" by SLOCC with some non-zero 
probability. Then Xwd{\ip)) > Xt«<i(|V''))- corollary, the Schmidt-rank width is 

a type I and type II monotone. 

In order to formulate the criteria for universality associated to the entanglement 
width measures, we now compute the supremal values of these measures. We will 
prove that both of these suprema are unbounded, i.e., E'!^^ = Xwd ~ To obtain 
these results, it will suffice to show that the entropic entanglement width of the 2D 
cluster states is unbounded 0. Notice that the infinity of E^d on the 2D cluster states 
implies the infinity of E^^. Moreover, the latter implies infinity of via equation 

In order to prove that 2D cluster states have an unbounded entropic entanglement 
width, we need to evaluate this measure on graph states. Here we use a result 
established in Refs. [27l[26|, stating that the entropic entanglement width of a graph 
state is equal to the rank width of the underlying graph. The rank width is a graph 
invariant defined in Ref. [45j . One then uses the property that the rank width of 
the {21 -f 1) X {21 -\- 1) grid graph is lower bounded by Z — 1 [46 , showing that this 
measure is indeed unbounded in the limit of infinitely many qubits. This shows that 

Kd = Xwd = °o- 

Combining the above argument with theorems[l][3]and|3]we arrive at the following 
criterion for universality. 

Theorem 5. Let be a universal resource. Then £'^,^(5') = X™d(^') — oo. Hence, 
any resource with a bounded E^d or Xwd cannot be universal. 

Although the definitions of the entanglement width measures involve highly 
nontrivial combinatorial optimization problems, these measures can efficiently 
be evaluated (or approximated) on several families of states — and hence the 
corresponding criteria for universality can be employed. In particular, the 

* In fact, any randomly chosen state has the property that the entropy of any reduced density 
operator is almost maximal (see Ref. |44p. and hence also the entropic entanglement width is 
unbounded. 
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entanglement width criteria prove to be very powerful to investigate the universality 
of graph state resources. This is illustrated in the following example. 

Example. — It was shown in Refs. |27l I26j that both the entropic entanglement 
width and the Schmidt-rank width of an arbitrary graph state coincide with the rank 
width of the underlying graph. Together with theorem [5l this implies that every graph 
state resource where the rank width of the underlying graphs is bounded, cannot be 
a universal resource. This criterion leads to many examples of graph state resources 
which are not universal, as several examples of families of graphs are known where 
the rank width measure is bounded — in fact, efficient algorithms exists to compute 
(or approximate) the rank width of any graph |45) . Examples of graphs of bounded 
rank width, giving rise to non-universal resources, have been given in previous work, 
see Refs. [23 [26]. These examples include 

• tree graphs 

• cycle graphs, 

• co-graphs, 

• graphs locally equivalent to trees, 

• distance-hereditary graphs, 

• graphs of bounded tree width, 

• graphs of bounded clique width. 



We refer to the graph theory literature for definitions. Note that two interesting 
examples of non-universal resources are the linear cluster states (which are instances 
of tree graphs) and the GHZ states (corresponding to complete graphs) , or any family 
of k X I lattices where k is constant (and / grows with the system size). o 

A second application of theorem [5] is obtained by considering ground states of 
strongly correlated spin systems associated to a one-dimensional geometry. 

Example. — Consider ground states of strongly correlated spin systems with 
nearest-neighbor interaction associated to a one-dimensional geometry. When such 
systems are in the non- critical phase, one typically finds that the bipartite entropy of 
entanglement between a subchain of spins and the rest of the chain, is bounded from 
above by a constant. See e.g. Ref. [47]. For all ground states where this property 
holds, one can easily show that the entropic entanglement width is bounded. To do so, 
let I'i/'Tv) be such a ground state of a system of N particles, and consider the subcubic 
tree T depicted in Fig. [TJ where the leaves 1 to correspond to the natural linear 
ordering of the system. As all bipartitions {A?p,B^) are such that some connected 
subchain of particles {a, a + 1, . . . , a + k} is separated from the rest of the system, one 
finds that the quantity 

maxEA^^,B^jm (23) 

is bounded from above by a constant (independent of A^). As (|23p is by definition 
an upper bound to the entropic entanglement width, one finds that this measure is 
bounded on the resource 4" := {\'4'n)}n- This implies that ^ cannot be universal. 
We have therefore found that any resource of ground states of (non-critical) ID spin 
systems where the block-wise entanglement entropy is bounded, cannot be a universal 
resource. 
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Below (see section [B]) we will see that a similar result typically holds for ground 
states of critical ID systems, and we will prove that such ground states cannot be 
efficient universal resources. o 

5.3. Localizable entanglement 

Next we discuss a second class of measures which gives rise to criteria for universality. 
These measures will be centered around the possibility or impossibility of preparing 
Bell states by performing LOCC on resource states. 

Consider the following simple measure i?Bcii: for an arbitrary A^-qubit state \4>), 
define i^BdidV')) 1 if 

1^) >.occ ^(|00) + |11)), (24) 

i.e., if it is possible to deterministically create a Bell pair between a predefined pair 
of qubits in the system, and iSBoudV")) •= if this is not possible. Clearly, one has 
-^BoU ~ f' ^^'^ EbbU is a type II monotone. Therefore, every universal resource 
must satisiy £'Beii(^') = 1- This is nothing but stating that a universal resource — i.e., 
a resource capable of preparing arbitrary states — must be able to prepare Bell states, 
which is a trivial observation. Nevertheless, this this simple criterion allows one to 
conclude that many resources are not universal. For instance, one can consider the 
following example. 

Example. — The family of W states {|H^Af)}Af is not universal, as it has been 
shown that Bell state cannot be prepared deterministically by performing LOCC on 
W states [41j. Here we have used the definition 

1 ^ 

^=7^El^^.^)' (25) 

where \eN,i) is defined to be the 7V-qubit computational basis state with a |l)-state 
on the ith position in the tensor product, and |0) everywhere else (for example 
|e3,i) = |100), |e3,2) = |010), ...). o 
Using this idea, a slightly more involved but substantially more powerful criterion 
can be obtained as follows. Let be a state on N qubits V := {1, . . . , N} and let a 
and P be two qubits in the system. Define 

K'liim 1 (26) 

if it is possible to deterministically create a Bell pair on the qubits a and /3 by 
performing LOCC on and this measure is zero otherwise. Then define the 
measure A/le(|'0)) to be the maximal size \A\ of a subset of qubits A C V such that 
-^Bou(l^)) ^ 1 f*^^ ^^"^ l3 in A where a ^ (3. Thus, A/le(|V')) is the largest size 
of a subset of qubits, such that a Bell state can be created deterministically between 
any two qubits in this subset, by performing LOCC on \ip). 

It is again clear from the definition that the measure A/le is a type II monotone. 
To compute the supremum A/j^g, we again consider the 2D cluster states. It is well 
known that when a system of qubits is in a 2D cluster state, then a Bell pair can be 
created between any pair of qubits by LOCC [THUS]. Therefore, J^LE{\Cdxd)) = d"^, 
which shows that A/j^g — oo. This leads to the following result. 

Theorem 6. Let ^ 6e a universal resource. Then Mi^e{^) = oo. 
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In order to obtain examples of no-go results, we again turn to ground states of 
strongly correlated spin systems. 

Example. — In the context of spin systems, the entanglement measure localizahle 
entanglement^ introduced in Ref. [48j . is often considered. This measure, which will 
be connected to A/le, is defined as follows. Let be an iV-qubit state, and let 
a and j3 denote two arbitrary qubits in the system. The localizable entanglement 
between these qubits, denoted by L°'^{\ip)), is defined to be maximal entanglement 
(measured by the concurrence) of the subsystem of qubits {a, /?}, which can be created 
on average by performing LOCC on the other qubits in the system. This quantity is an 
entanglement monotone for 2 x 2 x ^ systems [49^ and also fulfills property (PI). Note 
that L°'^ is maximal (i.e., equal to one) if and only if a Bell pair can deterministically 
be created between the qubits a and fi by LOCC — in other words, L°'^{\tp)) = 1 if 
and only if E'^fy^{\il))) = 1. In ground states of strongly correlated spin systems which 
are organized according to some geometry (such as a d-dimensional lattice), L"'^ is 
typically a decreasing function of the distance between the spins a and (3 [48l [50] . 
Note that, whenever such a decay law of the localizable entanglement exists, that the 
measure A/le must be bounded. This implies that, if the ground state of a spin system 
exhibits a decay of the localizable entanglement with the distance between spins, then 
this resource cannot be universal. o 

Remark 15. Extension to approximate quasi- deterministic universality. — We note 
that, contrary to the results obtained for the entanglement width measures, one cannot 
extend theorem |6] to the case of approximate and/or quasi-deterministic universality 
(see our upcoming work [3S]). Hence, it will be restricted to the case of exact 
deterministic universality as studied in the present paper. o 

Remark 16. Fixed versus random output particles. — Notice that the above 
arguments are based on the assumption (as already discussed earlier) that the output 
particles belong to a fixed set A in all branches of the LOCC protocol. If one would 
allow to generate the desired output state between some, not previously specified, 
subset of qubits, which might be different for different output branches, the situation 
changes. As shown in Ref. [4IJ, in this case maximally entangled pairs can be 
created from the W state quasi-deterministically and one finds that above criteria 
can no longer be applied. This is true for any "local" measure (such as the localizable 
entanglement), while "global" measures (e.g., Entropic entanglement width, Schmidt 
rank width, Schmidt number. Geometric measure of entanglement) can still be used. 
❖ 

5.4. Geometric measure of entanglement 

As a third measure we consider the geometric measure of entanglement Eg, a 
multipartite entanglement (type I) monotone introduced in Ref. |29j . and show that 
also Eg can be used to obtain a criterion for universality. This measure is defined 
as follows. Let be an A^-qubit state, and let tt{\iP)) denote the maximal modulus 
squared of the overlap between \^p) and a complete product state on A^ qubits. 



\v) = \Vi)®---^\Vn) 

Then the geometric measure is defined by 

Egim -.^-log^nim. 



7r(|'0)) = max 



(27) 



(28) 
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It was proven in Ref. [2S] that Eg is a type I entanglement monotone. Moreover, this 
measure trivially satisfies property (ii) stated in theorem[21 i.e., one has Eg{\'ip)\0)) — 
Eg{\4>))- Therefore, one finds that Eg is also a type II monotone. In order to compute 
the supremum E* , we use that the geometric measure of the dx d cluster states grows 
as 0{d^) 51J, which implies that E* = oo. This leads to the following criterion. 

Theorem 7. Let ^> be a universal resource. Then Eg(^!) = oo. 

Thus, any resource with a bounded geometric measure, cannot be universal. 
Example. — The geometric measure of the 7V-qubit W state is equal to pO] 

N 

which, for large N, tends to (ln2)~^ ~ 1.44. This shows that Eg is bounded for the 
W^-states, such that these states can not form a universal resource. <> 



Egi\WN)) = iN-l)log2^^, (29) 



5.5. Schmidt measure 

Finally, as a fourth measure we consider the Schmidt measure, a (type I) entanglement 
monotone introduced in Ref. The Schmidt measure Es{\ip)) of an A^-qubit state 
1^) is defined as the logarithm to base two of the minimal number K of iV-qubit 
complete product states {\ai), . . . ,\aK)}, such that can be written as a linear 
combination 

K 

|^)-^a.|a.), (30) 

for some complex coefficients a^. As it can easily be shown that Es{\ip)\0)) — Es{\ip)) 
and as Eg is a genuine (type I) entanglement monotone, it follows that the Schmidt 
measure is a type II monotone. Moreover, one has calculated the Schmidt measure 
of the 2D cluster states in Ref. [52], yielding Es{\Cdxd)) = 0{d'^), which shows that 
E* — oo. We can therefore conclude the following: 

Theorem 8. Let ^> be a universal resource. Then -Es(^) — oo. 

Example. — Consider the GHZ states 

|^GHz):=^(|0)«" + |l)«"). (31) 

By definition, these states have a constant Schmidt measure (equal to log2(2) = 1), 
showing that also by this criterion (see also section 15. 2p these states cannot yield 
universal resource. o 



6. Efficient universality and scaling of entanglement 

In order to obtain criteria for universality, so far we have not considered efficient 
universality, as defined in section 13.3.21 Evidently, every efRcient universal resource 
must also satisfy theorem [1] and, conversely, any resource which is identified by 
corollary [2] as not being a universal resource, a fortiori cannot be efficiently universal. 
However, when efficient universality is taken into account, the criterion in corollary[2] 
can considerably be strengthened, as we will show in this section. 
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6.1. General strategy 

Our approach will be illustrated by the following example, where we focus on the 
entropic entanglement width. Consider an efficient universal resource 

*:-{|i^i),|^2),...}, (32) 
where \tjji) is a state on Ni qubits, for every i — 1,2, . . .. For every d x d cluster 
state on n = qubits, there exists a state \ipf(n)) G ^' in the resource (where 
f{n) e {1, 2, . . .}), such that |^/./(„)) > LOCC \Cdxd), thus showing that 

EMli'fin))) > E^4\Cdxd)) > O(V^). (33) 
In the last equality we have used that the rank width of the (2/ + 1) x {21 + 1) grid graph 
is larger then l — l, as proven by Oum [46j . This implies that the entropic entanglement 
width of the dx d cluster states scale (at least) as 0{d) — 0{y/n). As ^ is an efficient 
universal resource, the number of qubits -/V/(„) on which |V'/(n)) is defined, only grows 
polynomially with the size n of the 2D cluster states (see observation [3] in section IT^ . 
Thus, there exists a polynomial p{n) such that -^/(n) ^ Pin). Conversely, for large n 
(where we only consider the leading order, denoted by fc, of the polynomial p{n)), one 
has n > 0((iVj(„))^/'^), thus showing that 

i^wd(|V'/H))>0((iV/(„))'/<''^). (34) 
We therefore find a necessary condition on the scaling behavior of the entanglement 
measure i?„d on any efhcient universal resource ^E": equation shows that -E'wddV'i)) 
must grow as 0((Afi)^/(^'^)) for some k, which is essentially equivalent to stating that 
this measure must grow faster-than-logarithmically with the system size on ^. Hence, 
resources where the entropic entanglement width grows at most as the logarithm of 
the system size, cannot be efficient universal resources (in particular, resources with 
bounded entanglement width are covered by this result). 

The argument of the above example can be repeated for all type II monotones E. 
In every case, a necessary condition on the scaling behavior of E for efficient universal 
resources is obtained. More formally, one has the following. 

Theorem 9. Let ^ := , \ip2) , ■ ■ ■} , be a resource, where \ipi) is a state on Ni 
qubits, for every i. Let E be a type II monotone, and let tp be a function such that, 
for every^ 2D cluster state \Cdxd) on n = d"^ qubits, one has 

E{\Cdxd)) > V{n). (35) 
If EQipi)) scales as \ogip{Ni), then 5* cannot be an efficient universal resource. 

This result should be regarded as a strengthening of theorem [TJ We emphasize 
again that the 2D cluster states in principle do not play a distinguished role in theorem 
[9l in the sense that they can be replaced — without weakening or strengthening the 
result — by arbitrary efficient universal resources or, in fact, any family of states which 
themselves also can efficiently be prepared. However, as pointed out before, being 
graph states, the 2D cluster states usually form a suitable test-bed also in this case. 

Specializing these considerations to entanglement width, localizable entangle- 
ment, geometric measure and Schmidt measure, one finds: 

Theorem 10. Let ^' 6e a resource. If one of the measures Ey,d, Xwd, J^le, Eg or Eg 
scales at most logarithmically with the system size on then \E' cannot be an efficient 
universal resource. 

tt Here, the words 'for every 2D cluster state' can be replaced by 'for infinitely many 2D cluster 
states' in order to yield a slightly stronger result. 
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The proof of this result simply follows from the fact that all these measures scale 
as 0(n^/'''), for some k, for the 2D cluster states on n qubits. 

When considering entanglement width, the above criterion allows one to 
determine new examples of no-go results which were not detected by theorem [1] 

Example. — Consider, as at the end of section [5.2.2[ a family of ground states 
{|07v)} of a ID spin system, where |(/>Af) is a state of N spins. Investigating now the 
critical phase, one typically has that the block entanglement entropy of a subchain 
of spins of length L < N scales as log L [47] . Similar to the example in section 15.2.21 
one then finds that the entanglement width of such a ground state can at most scale 
as the logarithm of the system size. This shows that any resource of ground states 
of ID (critical) spin systems where the block entanglement of a subchain scales as 
the logarithm of the length of the subchain, cannot be an efficient universal resource. 
Thus, together with the example in section 15. 2. 2) we find that ground states of critical 
or non-critical ID spin systems can typically not be efficient universal resources. o 

Another interesting no-go result is obtained using the Schmidt measure. 

Example. — One easily finds that the Schmidt measure can grow at most 
logarithmically with the system size for the W states (this immediately follows from 
the definition of these states). This implies that the W states cannot be efficient 
universal resources. In contrast to the argument based on localizable entanglement 
(see also section [53| . the argument presented here is also valid when considering the 
possibility of random output particles. Note also that by considering the geometric 
measure, as in section lS^ one can conclude that the W states do not form an (efficient) 
universal resource. O 

6.2. Efficient universality and classical simulation of MQC 

It is instructive to point out a relation between efficient (exact deterministic) 
universality of a resource 5* and the problem of efficiently (i.e., with polynomial 
overhead) classically simulating MQC on this resource. When a resource is identified 
as not being an efficient universal resource, one may wonder whether an efficient 
classical simulation of MQC on this resource becomes possible. Although one can of 
course not expect that such a result would hold in general, here we note that such a 
property is valid if one considers the criteria for efficient universality corresponding 
to the Schmidt-rank width and the Schmidt measure. In particular, in previous work 
[26j we showed that MQC can be simulated on every resource where the Schmidt-rank 
width grows only logarithmically with the system size. This shows that any resource 
which is ruled out by the Schmidt-rank width criterion in theorem [3] as an efficient 
universal resource, allows an efficient classical simulation of MQC. 

A similar remark can be made regarding the Schmidt measure. Suppose that 
\[' is a resource where the Schmidt measure grows at most logarithmically with the 
system size. Equivalently, every state in the family ^' can be written as a linear 
combination of polynomially many (w.r.t. the number of qubits) complete product 
states. One then easily verifies that any LOCC on such states can be simulated with 
polynomial overhead by a classical computer. In particular, the expectation value of 
a local observable O := Oi ^ . . . ^ 0„ can be efficiently computed when an n-qubit 
system is in a state lip) with logarithmically scaling Schmidt rank: writing 



K 
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where the {[0;^)} are K = poly(n) complete product states, the expectation value 

K 

i^m) = a,a,{a,\0\a,) (37) 

ij = l 

can efficiently be computed, as every term (ai|0|aj) can be efficiently computed and 
as there are only poly(n) such terms in the above sum. Similarly, a state obtained 
after performing a local projection on \^) can efficiently be determined (note that such 
states can have a Schmidt measure of at most log2 K) . One can therefore conclude 
that any resource which fails to pass the Schmidt measure criterion in theorem [9l even 
allows an efficient classical simulation of MQC. 

Thus, it is interesting to find that in the issue of efficient universality, as well as 
in the context of efficient simulation of MQC, the scaling of entanglement with the 
system size plays an important role. 

7. Examples of efficient universal resources 

To provide examples of universal resource states, our strategy is to establish an 
equivalence, up to a polynomial overhead, among (efficient) universal resources. The 
proof of efficient universality of the 2D cluster states means an efficient capability 
to simulate any circuit model by LOCC and, in particular, to prepare any other 
resource state by LOCC. Thus, all we have to show for other resource states is that 
the opposite transformation is also efficiently possible. 

Theorem 11. The graph states corresponding to the 2D square, hexagonal, triangular 
and Kagome lattices are efficient universal resources for MQC. 

Proof: According to our strategy, a proof is given in the form of an explicit 
deterministic LOCC protocol which transforms such other candidate states into the 
2D cluster state with a polynomial overhead in resources and operations (see Fig. [2]). 

As LOCC, we translationally apply Cj, and measurements, which are known 
to correspond to simple update rules of the graph, namely local complementation 
(inversion of the neighborhood subgraph) and vertex deletion, respectively |23j . We 
will get a resulting graph state deterministically after applying local Clifford unitary 
corrections Uy^k and Uz^k on neighboring qubits (with help of classical communication), 
such as 




which depend on the measurement outcomes k = {0, 1}. 

Let us illustrate such graph transforms to prove the theorem. Our LOCC protocol 
transforms (a) hexagonal-lattice graph state into (d) the 2D cluster state via (b) the 
triangular-lattice and (c) the Kagome-lattice graph state sequentially. When we apply 
the cTy measurements on vertices of the hexagonal lattice in Fig. [2] (a), we will have 
a triangle around the measured qubits by the local complementation. The resulting 
graph turns out to be a triangular lattice (b). Next, we apply the CTz measurements 
on vertices marked by o, which simply deletes the measured qubits along with the 
attached edges. The graph now becomes a so-called Kagome lattice, which has degree 
4 uniformly in a similar manner as the square lattice. The last step is a bit involved, 
but straightforward by applying ay and az measurements according to the ordering of 
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Fig. [21 Accordingly, we finally obtain a square lattice, i.e., a 2D cluster state. The total 
spatial overhead is eight in that a unit square on (d) is obtained from eight hexagons 
in (a). Since the overhead is constant, all resource states are efficient universal. □ 

Note that, since these other resource states can be transformed into the 2D 
cluster state always by adaptive local projective measurements assisted with classical 
communication, and local (Clifford) operations, they are also universal in the sense of 
a conventional one-way quantum computation. 

It is interesting to observe that the square lattice, together with the hexagonal and 
triangular lattices are the only possibilities to obtain a regular tiling of the 2D plane. 
Furthermore, the Kagome lattice is an example of a uniform semiregular 2D tiling 
with 2 basic tiles (the triangle and the hexagon). The hexagonal lattice has vertex 
degree 3, which leads to an increased robustness against local noise as compared to 
the 2D cluster state [S3]. Since the ID cluster state (with uniform vertex degree 2) 
has been proved not to be universal [27j , the vertex degree 3 is minimal for universal 
resource on uniform lattice structures. 

We remark that other universal resource states have been presented [54] based 
on non- uniform lattice structures (see also [55]), where each gate in a universal set 
of unitary gates can be implemented by local measurements on an elementary unit 
and these units are combined (bottom-up approach). Here we took, in contrast, a 





Figure 2. Examples of efficient universal resouree for MQC. These are graph 
states corresponding to (a) hexagonal, (b) triangular and (c) Kagome lattices. 
Deterministic LOCC transformation from (a) to (d) (2D cluster state) via (b) 
and (c) is indicated, where simple graph rules can be used sequentially (ay and 
CTz measurements are displayed by □ and <0, respectively). The spatial overhead 
for the transformation is constant. 
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Figure 3. A direct simulation of the circuit model on the hexagonal lattice. After 
measuring uncolored qubits in the tr^ direction, the resource state is capable 
of simulating a set of universal gates between any neighboring two quantum 
wires (snaking horizontal paths) and to compose them into an arbitrary unitary 
operation. Here we illustrate an implementation (with the same measurement 
pattern of Ref. \E\M) of CNOT and of arbitrary 5(7(2) rotation with the Euler 
decomposition by the 15-qubit 90-degree rotated H part (blue) and the 5-qubit 
chain part (green), respectively. 

top-down approach, where we prove univcrsahty by exphcitly constructing LOCC 
protocols that yield the 2D cluster state. 

Of course, we can simulate directly any circuit model on such new universal 
resources in practice, without transforming them into the 2D cluster state of the 
2D square lattice. Let us illustrate this by a hexagonal lattice (due to its potential 
advantage for the local decoherence compared with a square lattice) . In Fig. [3l we 
show a direct simulation of the circuit model on the 2D hexagonal lattice, after deleting 
uncolored qubits by the ctz measurements. We consider each snaking horizontal path 
running from the left to the right as a quantum wire which corresponds to an evolution 
of a logical single qubit in the circuit model. 

Here we give an alternative proof of its efficient exact deterministic universality 
in a similar manner as the proof of the 2D cluster state [51 [S] (see also Ref. [54j for 
other resources). Namely, we take a bottom- up approach by showing two (sufficient) 
conditions are fulfilled for our family of resource states: 

(i) Simulation of a universal set of elementary gates: It is capable of implementing 
a set of universal gates on logical qubits with at most polynomial overhead. 

(ii) Composability: The simulation (i) of elementary gates is composable between any 
neighboring pair of logical qubits, as well as repeatable. 

Here we follow the implementation (measurement pattern) of Ref. [3 [6] of CNOT and 
of arbitrary SU(2) rotation with the Euler decomposition in terms of the 15-qubit 
90-degree rotated H part (blue) and the 5-qubit chain part (green), respectively. The 
capability of implementing such gates as often as required follows immediately from 
its periodic structure. The length of an extra one-dimensional path can be adjusted, 
if necessary, by the ay measurement. 

A slightly more economical simulation can also be done by selecting the controUed- 
phase gate and the set SU (2) of single-qubit rotations as a set of elementary gates for 
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the circuit model. By measuring the middle qubit of the "bridge between quantum 
wires" (i.e., the center qubit in the blue part) in the ay direction, we can simply 
implement a logical "remote" controUed-phase gate (cf. Ref. [51j)j without additional 
measurements along the quantum wires. 

8. Encoded universality 

So far we have restricted our attention to situations where the resource states consist 
of systems with fixed dimension d, and where the desired target states are multipartite 
states of d-dimensional systems. We have concentrated on d = 2, i.e., qubit systems, 
and have provided definitions and criteria when such a family of resource states is 
capable of producing any other quantum state of n qubits. In this section we will 
show how to extend our results in order to take higher-dimensional systems, generation 
of systems with different dimensions, and encoded quantum states into account. We 
will first specify what we mean by encoding, and then put forward a definition for 
encoded (CQ-)universality in MQC, based on different notions of locality. We will 
finally discuss the applicability of entanglement criteria developed in the previous 
sections, and discuss examples of encoded universal resources. 

8.1. Encoded quantum states 

We start by some general considerations on encoded quantum states. 

8.1.1. Qubits and qudits In the measurement-based model for quantum computation, 
a resource state constituting of N two-dimensional systems is processed by sequences of 
LOCC. It is clear that the physical systems remain the same throughout the procedure, 
and hence the resulting quantum state is also one consisting of qubits. It is impossible 
to generate a state of d-dimensional systems (qudits) from a qubit system. More 
generally, if the system constituting the resource state are /c-dimensional, and the 
states to be generated constitute of d-dimensional systems, then one cannot generate 
any such state whenever k ^ d. What is, however, possible, is to generate the desired 
state in an encoded form. In almost all conceivable cases, the generation of a quantum 
state in such an encoded form is sufhcient. 

The most natural kinds of encoding are the following: 

(i) li k > d, then ideally one encodes m = [log(fc)/ log((i)J d-level systems into one 
k-leve\ system. 

(ii) li k < d, then ideally one uses m = \\og{d)/ log(fc)] fc-level system to encode one 
d-level system. 

In neither of these two cases additional levels are used. One may also consider more 
complex encodings, e.g., any encoding that can be generated by a poly-sized quantum 
circuit. However, in this case quantum information corresponding to a c?-level system 
may be distributed among all fc-level systems. In the following, we will restrict 
ourselves to the kinds of encodings specified above, where a natural association with 
physical systems is maintained. This restriction allows us to use entanglement-based 
criteria for universality also for encoded systems. 

8.1.2. General encodings The treatment of systems of different dimensionality is not 
the only case where encodings are useful. Even if one is restricted to qubits, it is 
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natural to consider the question whether states can be generated in an encoded way. 
Encoded states appear naturally in, e.g., quantum computation once error-correction is 
considered. In particular, any fault-tolerant implementation of quantum computation 
actually generates states in an encoded form, and performs unitary operations on 
the encoded states. In this case the (redundant) encoding serves to protect quantum 
information against the influence of errors. One may consider encodings also for 
different reasons. For instance, for certain physical set-ups it may be impossible (or 
very hard) to perform arbitrary single-qubit operations and two-qubit gates. However, 
for certain encodings the implementation of logical single- and two-qubit gates, i.e., 
gates acting on the encoded or logical systems, is possible. Such a situation occurs 
for instance in charge-controlled quantum dots, where despite of difficulties to obtain 
inhomogeneous single-spin rotations, processing of encoded quantum information is 
possible [56l HH HH]. Finally — and this brings us back to the present study of 
universality — if one is ultimately interested in a CC computational scheme, it is often 
sufficient that a quantum computer is capable of generating states in an encoded form. 
In particular, we will see below that any encoded CQ-universal resource for MQC is 
also CC-universal. 

For simplicity, in the following we will restrict ourselves to the case where 
k = d — 2. Generalization to fc d > 2 is, however, straightforward. 

Next we define what is meant by "encoded qubits" and "encoded quantum states" . 
First we consider encodings of one-qubit systems and states. 

Definition 3. (Encoded qubit): An m-quhit encoding £ := (7i, {|0), |1)}) of a 
one-qubit system is specified by 

• a Hilbert space 7i = , representing a system of m qubits, and 

• two (fixed) orthogonal states {ipo) , {ipi) G Ti. We use the shorthand notation 
|0) := iVo) and |1> := 

Let \(j)) = a\0) + b\l) be an arbitrary one-qubit state. The encoded version of 
with respect to the encoding £ is the state \<f)) := a|0) + G TL. 

This definition is now generalized to encompass encodings of many-qubit systems 
and states. 

Definition 4. (Encoded n-qubit system): An m-qubit encoding £ := 
(Ti^,?^, {|0), |1)}) of an n-qubit system is specified by 

• a Hilbert space TL^ = , representing a system of m- n qubits labeled by a set 
E — {1, . . . , TO • n} , 

• a partition V := {^i, . . . , An} of E, where every Ak denotes a set of m qubits of 
E, and 

• two (fixed) orthogonal m-qubit states {|0), |1)}. 
Consider an n-qubit state 

10)= X! c,ii2...,„|ii)|z2) . . . |i„). (38) 

ii,i2,---i,ie{0,l}" 

The encoded version of |(/)) w.r.t. the encoding £ is the state 

10)= X! C,i,2...J„l^l)Ai|i2)A2 • ■ • |in)A„ e H^- 

ii,i2,...i„e{0,l}" 

Here the subscripts Ak denote on which qubits the states \ik) are defined. 
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For notational simplicity, in the definition above we have considered the same 
encoding for every qubit. Generahzation to different encodings for different qubits is 
straightforward . 

Similarly, for k ^ d > 2 an encoded qudit can be defined by a set of d orthogonal 
states of m fc-level systems, and the definition of an encoded state follows immediately. 
The case of generating d-level systems using fc-level systems is also covered, where the 
encoding corresponds to (i) or (ii) specified in Sec. 18.1.11 

8.2. Local operations on encoded systems 

The notion of locality is central in MQC. In particular, entangled quantum states 
are processed by local operations and classical communication. This allows one to 
attribute entanglement as a resource to the initial state of the system, and only in 
this context criteria based on entanglement properties of resource states as presented 
in section [5] become meaningful. When considering systems with a fixed dimension, 
e.g., qubits, as we did in the previous sections, the notion of locality is unique and 
simply corresponds to single-qubit operations. When considering encoded systems 
as we do here, one may, however, consider two different notions of locality, and the 
corresponding classes of "local" operations assisted by classical communication. 

(i) Local with respect to physical systems constituting the resource state: LOCC 

(ii) Local with respect to the encoded systems: LOCC 

It depends on the context at hand which of these two notions of locality is of interest. 
The first notion, associating locality to the physical systems constituting the quantum 
state, seems to be the most natural one. However, in some cases one might also 
naturally consider (ii), i.e., locality with respect to logical or encoded system. Notice 
that in the case of LOCC, joint operations on certain groups of physical qubits are 
allowed. Hence, if we consider LOCC in the definition for universality, we obtain a 
more stringent requirement as when using LOCC. Usage of LOCC will turn out to be 
useful when considering entanglement-based criteria for encoded universality. 

8. 3. Definition of encoded universality 

In this section, we precisely define what is meant by an "encoded universal resource for 
MQC" . In order to do so, we first need to specify the notion of a "consistent family of 
encodings" , which is the following. In the present study, the role of an infinitely large 
resource is played by a family of states ^ — IV'2, ), ■ • ■}, where \tpi) is a state on 

Ni qubits and where Ni < Ni+i for every i. More precisely, the state belongs to 
a Hilbert space T-l^% where Ei denotes a set of Ni qubits, such that Ei C Ei+i, for 
every i. We will say that {7i^\7i^^, . . .} is a nested family of Hilbert spaces. Now, 
suppose that, for every Hilbert space H^^ an encoding £i = {7^^',7^i, {|0), |1)}} is 
given. Since a resource ^E* plays the role of an infinitely large state, when considering 
encodings — together with the corresponding partitions of the systems 7i^' into logical 
qubits as specified by the encodings Si — it is natural to impose a certain degree of 
consistency of these encodings. In particular, we will require that the way in which 
the Hilbert space H^' is partitioned into logical qubits, should be consistent with the 
way in which Ti^^+^ is partitioned, i.e., Vi C Vi+i for every i. In such case, we will 
call T :— {£1,62, . . .} a consistent family of encodings. 

We are now in a position to give a definition of encoded universal resource for 
MQC. 
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Definition 5. (Encoded universality): Consider a nested family of Hilbert spaces 
{Ti^^Ji, and let 'i' — Hipi), |'02); • • ■} be a family of states such that € 7i^', for 
every i. Let T :— £2^ . . .} be a consistent family of m,-qubit encodings of this family 
of Hilbert spaces. The family ^ is called an encoded universal resource for MQC with 
respect to J-, if for every n and for every n-qubit quantum state |0out), there exists 
a state \ipi) G 5* such that >locc Itpout), where \(f>out) is the encoded version of 
I '/'out) w.r.t. the encoding Si. 

The family 5* is said to be an encoded universal resource for MQC if there exist 
a consistent family of encodings with respect to which 4* is universal. 

Remark 17. General comments regarding definition\^ — 

(i) Any resource that is universal is also encoded universal, although the opposite 
is not necessarily true. We will discuss examples for such cases later in this section. 

(ii) Although we allow for an arbitrary one-qubit encoding, the encoding needs 
to be fixed, i.e., it needs to be the same for all output states. 

(iii) As in the case of non-encoded universality, we also assume here that the 
output state is prepared on the same output particles in all branches of the LOCC 
protocol (an extension to random output particles is possible in the same way as in 
the non-encoded case). 

(iv) In definition [5] we refer to LOCC, i.e., operations on the individual physical 
systems (see (i) in the preceding section). One may also consider a weaker form of 
universality with respect to LOCC. 

(v) In the above definition, the same encoding is used for every qubit. This 
restriction can easily be lifted without changing the results to be presented in the 
following. We have adopted this version of the definition for notational convenience. 

(vi) In this paper we do not consider general encodings by means of arbitrary 
poly-sized quantum circuits. This is a restriction in the sense that the latter leads 
to a more general definition of encoded universality (i.e., it is likely that there exist 
encoded universal resources w.r.t. such general codings which are not covered by the 
present theory) . The reason for this is that it is not clear how criteria stated in terms 
of entanglement can be formulated for such general encodings, whereas this will be 
possible for the current definition. However, it is clear that general encodings by 
poly-sized quantum circuits deserve further attention. o 

We will sometimes consider a slightly weakened version of encoded universality, 
in the following sense. Let {|0), |1)} be an (m-qubit) encoding of a one-qubit system, 
let \(f)) be an encoded version of an n-qubit state |(/)) with respect to this encoding 
(see definition (5]) , and let C/ = J7i (8) . . . ® J7„ be an n-qubit local operation, where 

Uu :=a|0)(0|+5|0)(l|-f c|l)(OKd|l)(l| (39) 
(for every A: = 1 , . . . , n) . Then the encoded version U = Ui® . . .® Un of this operator 
is defined by 

Uk :-a|0)(0|+6|0)(l|+c|l)(0| + d|l)(l|, (40) 
and naturally acts as 

1 

= ^ Ci^i2...i„Ui\ii)Ai ■ ■ ■Un\in)A„- 

For example, given an encoding {|0), |1)} the logical single-system Pauli operations 
are defined by 

^. = |0)(0|-|1)(1|, 
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X 



|0>(1| + |1>(0|, 
-z|0)(l| + z|l)(0|. 



(41) 



Note that an operation which is local in the sense of logical qubits need not be local 
at the level of the physical qubits in the system, i.e., it may act jointly on several 
physical qubits. 

We will sometimes consider resources which are encoded universal in the restricted 
sense that it is possible to prepare an encoded version of any state up to logical local 
operations. Notice that a resource which is universal in this (restricted) sense with 
respect to CQ is, however, fully CC-universal. That is, if we are only interested in 
obtaining classical outputs, such logical local operations do not play a role as we simply 
have to adapt the basis of the final measurements. We also note that the 2D cluster 
states are CQ-universal under projective local measurements up to Pauli operations; 
this property, together with the above restricted notion of encoded universality, will 
play a role in the next section. 

8.4- Encoded universality and the 2D cluster states 

In this section, it is our aim to relate encoded universal resources to (encoded versions 
of) the "standard" universal resource, the family of 2D cluster states, i.e., this section 
will contain a result analogous to observation [1] in section [H Although this result will 
be highly analogous to observation [1] its proof will not be as straightforward and will 
require some extra work. The result is the following. 

Theorem 12. A family of states 5* is an encoded universal resource with respect to a 
specific encoding (more precisely: w.r.t. a consistent family of encodings) up to logical 
Pauli operators, if and only if encoded 2D cluster states \Cdxd) of arbitrary size d with 
respect to the same encoding can be generated by means of LOCC, up to logical Pauli 
operations. 

A family of states ^ is an encoded universal resource up to logical Pauli operators 
if and only if there exists an encoding (more precisely: a consistent family of encodings) 
such that encoded 2D cluster states \Cdxd) of arbitrary d can be generated by means 
of LOCC, up to logical Pauli operations. 

Proof: Necessity of the condition is obvious, as an encoded universal resource 
must be capable of producing an encoded version of any state, in particular an encoded 
2D cluster state. Sufficiency of the condition is based on the fact that an encoded 
2D cluster state is an encoded universal resource under LOCC up to logical Pauli 
operations for any encoding. The proof of the latter statement is postponed until 



Note that it is by no means trivial that local operations on physical qubits allow 
one to process encoded quantum information. E.g., as already indicated above, logical 
local operations need not act locally on the physical qubits, i.e., one may not be able 
to realize logical local operations as physical local operations. For example, consider 
a 3-qubit encoding where |0) := |000) and |1) := IW3), where the latter is the W state 
on 3 qubits. It is clear that in this case a logical ax operation, i.e.. 



Theorem [161 



□ 



cr, |000)(iy3| + |Vl^3)(000| 
acts non-locally on the physical qubits. 



(42) 
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However, we will find that it is always possible to realize logical projective two- 
outcome measurements (which are the basic ingredient of the one-way 2D cluster state 
model) by physical local operations. We again refer to Theorem [TCI 

8. 5. Criteria for universality 

We have discussed entanglement-based criteria for non-encoded universality in Sec. [5] 
and [S] Here we discuss to which extent these criteria can be applied — either directly 
or in an adapted form — in the context of encoded universality ^'^ . 

8.5.1. Criteria at the level of encoded systems The first observation is that one can 
use exactly the same criteria for universality when considering encoded universality, 
if one applies them at the level of encoded systems. This is expressed in the following 

Theorem 13. Consider a fixed (consistent family of) encoding(s), which also implies 
a partition of the system. Any entanglement-based criterion for universality formulated 
for non- encoded systems using LOCC leads to a criterion for the encoded system by 
considering the corresponding entanglement measures where locality is defined with 
respect to the partition of the system, i.e., LOCC. 

The proof of this theorem is straightforward, as one can treat any logical qubit 
as a two-level system if LOCC are allowed. 

Remark 18. Entanglement with respect to partitions. — For a fixed encoding, one 
considers local operations with respect to this encoding, i.e. LOCC. Entanglement 
is defined relative to the partitions induced by the encoding. For instance, one says 
that EbcIi{\4>)) = 1 if an encoded entangled pair (|0)|0) + |l)|l))/\/2 can be created 
between some pair of encoded systems. In case of entanglement width measures, they 
are now defined with respect to the fixed partition. That is, entanglement between 
blocks of qubits is considered, where each block consists of several physical qubits 
specified by the encoding. Entanglement within each block is irrelevant and absorbed 
into the encoding. Notice that in this way one still obtains a set of powerful criteria to 
assess whether a given state is encoded universal with respect to a fixed encoding. In 
particular, any encoded universal resource still needs to have unbounded entanglement 
width (defined via LOCC). o 

Remark 19. Simultaneous treatment of different encodings. — Notice that above 
criterion automatically provides a test for all encodings that lead to the same partition 
of the system, i.e. the same notion of LOCC, independent of the choice of the two 
orthogonal states constituting the logical qubit. However, it would still be desirable 
to obtain a more general statement about non-universality with respect to all possible 
encodings. Although many encodings are treated simultaneously, one still needs 
to check for all possible partitions of the system and determine the corresponding 
measures, which is impractical. o 

In the following, we utilize entanglement-based criteria at the level of physical 
systems to infer statements about encoded universality. This turns out to be possible, 
although only under certain circumstances and for certain entanglement measures. 



ft We remark that this terminology must not be confused with the notion of encoded universahty 
used in Ref. 1561 . 
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8.5.2. Schmidt measure and geometric measure In this section, we will show that 
every encoded universal resource must have an unbounded Schmidt measure and 
geometric measure, i.e., i?s(^) = 00 = Eg{^) for every encoded universal resource 

We start by considering the geometric measure. Let \'ip) be a state defined on a 
set of qubits S* := {1, . . . , n}, and let V :— {Ax, . . . , Ai} be any partition of the set S 
into / subsets Ai. One can regard as an /-party state, where every subset Ai is 
associated to a party. At this coarse-grained level one can also define the geometric 
measure in a natural way, where now locality is defined with respect to these I 
parties. An important property is now that iJ^d?/')) < Eg{\il})) for any partition V , 
i.e., the geometric measure is non-increasing under coarsening of the partition !28|. 

This property will be crucial for proving that Eg{^) — 00 for every encoded 
universal resource ^. Let {|0), |1)} be an m-qubit encoding with respect to which 5* 
is encoded universal, and let = X] |*i . • .in) be an arbitrary n-qubit state. 

By the encoded universality of there exists a state l-^i) € 4* and an encoded version 
\(f)) of such that >locc |^)- As Eg is a type II entanglement monotone, this 
implies that Eg{\tl>i)) > Eg{\4>)). Let 5' {1, . . . , m • n} be the set of qubits on which 
\4>) is defined, and V be the partition of S which is naturally associated with the 
encoded state. Using now the property that Eg is non-increasing under coarsening, 
one finds that Eg{\cj))) > E'^{\<f))). Now, let U be an m-qubit unitary operation such 
that 

U\0) = |0)®" and U\l) = |l)|0)®('"-i), (43) 
implying that is equal to 

5]c,,...,„ {|ji)|0)®('"-i)} . . . {|*„)|0)«('"-i)} . (44) 

This equation should be read in the sense that the state is distributed over n 
single-qubit parties, where every party supplemented with an uncorrelated ancilla 
of m — 1 qubits in the state |0)®(™~i). As such ancillas cannot change the value 
of any type I entanglement monotone [39 , one finds that E'^ {U'^"\4>)) ~ Eg{\(f))). 
Moreover, as t/®" is a local operation with respect to the partition V, one has 
£;J(C/®"|(/))) = E'^ilcj))). This proves that Eg{\^P,)) > Eg{\(l))). As this result holds 
for arbitrary we find that Eg{'i>) — 00, as desired. 

Note that in the proof of the above result we have only used that (i) Eg is a type 
II entanglement monotone, (ii) Eg is a type I entanglement monotone, and (iii) Eg is 
non-increasing under coarsening. Therefore, the same arguments hold for the Schmidt 
measure Es, and we can immediately formulate the following general result. 

Theorem 14. Let E be a measure which is a type I and type II entanglement 
monotone and which is non-increasing under coarsening. Then E(^) = E* for every 
encoded universal resource ^. In particular, Eg{"^) = Eg{^!) ~ 00 for every encoded 
universal resource. 

Note that the above result is general in that it is formulated independent of any 
specific encoding. It allows to rule out e.g. the W states as resources which are 
certainly not encoded universal (see also section [5^ . 

8.5.3. Localizable entanglement We now turn to the criteria based on the ability of 
creating Bell pairs between qubits in the system. Recall that we have seen in Sec. 15.31 
that for any universal resource it must be possible to create a Bell state between some 
pair of qubits in the system (recall also that we consider fixed output particles, i.e., the 
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same for all branches of the protocol) . The results of Ref . |12j show that this criterion 
cannot be suitable to assess universality of encoded resources (if one applies it at the 
level of physical qubits). Although Ref. [12] is only concerned with CC-universality, 
one can lift their results to the more general level of encoded CQ-universality, as we 
will see in this section. 

The failure of the above measure is already evident when considering the following 
simple example based on the results of [12] . Suppose one has the encoding 

|0) = |0)«"\ |1) = \Wrn), (45) 

where \W„i) is a W state of m qubits, for some fixed ni. A state 

|^) = l/x/2(|0)|0) + |l)|l)) (46) 

is evidently maximally entangled at the encoded level, although at the level of the 
physical qubits only a certain (arbitrary small) amount of (entropic) entanglement 
is present. This can be seen by considering the reduced density operator of a single 
individual particle fc, which is given by 

.. = ^|0)(0| + -|1)(1|. (47) 

Clearly, the entropy of entanglement can go to zero as m oo. The entanglement of 
assistance (and therefore also the localizable entanglement) between any pair of qubits 
is upper bounded by S{pk) [?TI, and hence also goes to zero for to ^ oo. However, 
maximal entanglement between blocks of qubits, i.e., at the encoded level, is naturally 
present. 

As it was proven in Ref. fT2| that the 2D cluster states encoded with respect 
to the encoding specified in Eq. [45] form a CC-universal resource (in fact, we will 
prove below that this resource is also encoded CQ-universal), one can conclude that 
measures related to the possibility of creating Bell pairs are not suitable to study 
encoded universality. In particular, such a resource is not not CQ-universal, even 
though it is encoded CQ-universal. 

8.5.4- Entanglement width We now turn to the entanglement width measures. We 
will use the result of Ref. [26] to establish a criterion for encoded universality (at the 
level of physical qubits). The criterion will be stated independent of any encoding, as 
is the case with theorem [TU 

As discussed earlier, in Ref. [26] it was shown that LOCC protocols on all (families 
of) states with at most logarithmically growing x-width can be simulated efficiently on 
a classical computer. This implies that, for these resource states, measurement-based 
quantum computation on encoded qubits can be simulated efficiently on a classical 
computer for any choice of encoding. This result does, strictly speaking, not exclude 
the possibility that states with logarithmically bounded ^-width constitute a universal 
encoded resource, as it has to date not been proven that an efficient classical simulation 
of (CC-) universal quantum computation is impossible. However, under the assumption 
that one will not be able to efficiently simulate quantum computation, one can conclude 
the following from the theorem above. 

Theorem 15. Let 5* 6e a family of states such that the grows at most 

logarithmically with the system size on the set 4*. Then, under the assumption that 
(CC) quantum computation cannot be simulated efficiently by classical computers, the 
resource cannot be encoded universal. 
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Remark 20. Direct use of entanglement width. — So far we have not been able to 
directly prove (or disprove) that every encoded universal resource should have an 
unbounded entropic entanglement width and/or Schmidt-rank width. This is mainly 
due to the fact that these measures do not seem to exhibit a 'non-increasing under 
coarsening' property. In particular, it seems that these measures can (significantly) 
increase due to the use of encodings. Therefore, we leave this issue as an interesting 
open problem. o 



8.6. Encoded universal resources 

In this section, we prove a general result on encoded universality up to logical local 
operations, which immediately provides a large number of encoded universal resources. 

Theorem 16. Let 'i' be a family of states that is a universal resource under local 
projective measurements, up to local unitary operations. Then, for any encoding 
{|0),|1)}, the encoded version of the family, denoted by 'S', is an encoded universal 
resource under LOCC up to logical local unitary operations. 

The proof of this theorem is a straightforward generalization of a particular 
example of an encoded universal resource presented in [T2|. We use a result of 
Walgate et al. [SS] , stating that any two orthogonal multi-qubit quantum states can be 
distinguished by LOCC deterministically. As a consequence, for any choice of encoding 
{|0) = lipo), |1) = I"!/"!)}, any two-outcome projective measurement within the logical 
subspace can be performed by means of LOCC, i.e., by operating on the physical 
qubits independently. To see this, consider a two-outcome projective measurement 
specified by the projectors onto the two orthogonal states {\(l)o), |^i)}- Let |^o)j \4>i) 
be encoded versions of these states (which are therefore also orthogonal) . Any encoded 
version of a state 1-0) can be written as 

I'/') = l'/'o)|Xo) + |</'i>|Xi>, (48) 

where \xo): \Xi) ^-re non-normalized, possible non-orthogonal, encoded states of the 
remaining system. Since one can deterministically distinguish \(Pq) and by 
performing local measurements only on the particles corresponding to these states, 
the state of the remaining (i.e., unmeasured) particles is given by |xo)/VPo or 
depending on the measurement outcome. The success probabilities for 
the two branches are given by po := |(xo|Xo)P and pi := |(xi|xi)P- Note that the 
unmeasured system is in the same state as if the logical projective measurement had 
been performed on the logical system, and the corresponding probabilities to obtain 
the outcomes are also the same. Note also that the measured system is not in an 
eigenstate of the measured logical observable. However, this is irrelevant as we are no 
longer interested in states of measured systems but rather in state of the remaining 
ones. Consider now a sequence of projective measurements that would produce a 
certain output state |(^out) up to local (i.e., single qubit) operations from a given 
resource state. If we perform the encoded versions of this sequence of measurements 
on the encoded state, i.e., measurements on the logical subspace, we obtain as output 
state an encoded version of the state |(/>out) up to logical single system operations, as 
desired. 

Notice that the result is general in the sense that it covers all possible encodings, 
and for any encoding it is sufficient to perform only local operations on the physical 
qubits. As an immediate consequence, we obtain the following. 
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Theorem 17. For any encoding, the family of encoded 2D- cluster states {\Cdxd)} 
is an encoded universal resource up to single system logical Pauli operations under 
LOCC. Any family of encoded 2D-cluster states is also CC-universal under LOCC. 

The proof is again straightforward. We apply the same sequence of single qubit 
measurements as in the one-way model for MQC on the level of encoded, i.e. logical 
system. This can be done by using only LOCC as shown above. If the initial state 
was an encoded 2D-cluster state, the resulting state |</>out) is an encoded version of 
the desired output state |0out) up to logical single system Pauli operations, similar as 
in the one-way model. 

Remark 21. Performing logical Pauli operations by LOCC. — We remark that it is 
necessary to consider (logical single system) correction operations at the end of the 
process, as is, e.g., required in the one-way model. Otherwise it may often not be 
possible to generate the desired output state deterministically. Notice that it is not 
always possible to perform the logical Pauli operations, i.e. the final basis change, 
by means of LOCC. This is also the reason why the above theorems can only be 
stated up to logical Pauli operations. However, if we are interested in classical output 
data only (CC-universality), these logical Pauli operations correspond to a known 
basis change and do not play a role. They simply correspond to an adjustment of 
the final measurement basis, where again the same techniques to perform projective 
measurements on logical systems by means of LOCC can be used. 

An example of an encoding where logical Pauli operations cannot be performed 
locally is given by Eq. (|45p . In this case, <Jx would need to map a product state 
onto an entangled state, which is clearly impossible by LOCC. For certain encodings, 
logical Pauli operations can however be implemented by LOCC. For such encodings, 
the resulting resource is fully CQ-encoded universal. An example for such an encoding 
is provided by 



for other encodings where this is the case. Natural candidates are encodings where 
the logical basis states are obtained from each other by LOCC, i.e. have the same 



8. 7. Discussion of encoded universal resources in the literature 

Some examples of encoded universal resources, often as proposals for physical 
implementation of one-way computation, have been discussed previously in the 
literature. In this subsection we focus on encodings that are naturally covered in 
our framework. We do not intend to review all potential implementations here; a brief 
summary is available in Sec. 5 of Ref. |23j . 

In Ref. [12] , Gross and Eisert describe a specific example of an encoded universal 
resource using the encoding (j45|) . The focus of their investigations lies on CC- 
universality, and only the classical information of measurement outcomes performed 
at the end of a one-way computation is considered. These authors use a different 
terminology to describe measurement-based quantum computation, and methods from 
many-body physics (such as matrix product states and their generalizations to 2D 
systems) are used and extended. The abovementioned example the authors propose 
fits into the general framework described in the present paper. In particular, as one 
finds (see Theorem [T6|) for general encodings, the resource is also CQ- universal up to 



|0) = 10)®'" 
Here we have (t^ = erf™, cr^ 




type of entanglement. 



o 
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logical Pauli operations. Additional examples of universal resources based on weighted 
graph states are put forward in Ref. [H]. The example presented in Fig. 1(a) of 
Ref. [T5] fits into the framework we consider as well, and this resource fulfills the 
entanglement-based criteria for CQ-universality we presented above, even without 
considering encodings. The relation, if there is any, between the other examples given 
in Ref. |12j and the current investigation, is at present unclear, and understanding 
whether there is a connection between the two approaches would be an interesting 
topic for further research. 

The authors of Ref. [T^] stress that their resources have radically different 
entanglement properties than the (unencoded) cluster state. This is, however, only 
true when considering "local" entanglement features with respect to physical qubits. 
"Global" entanglement properties (such as entanglement width, geometric measure, 
Schmidt measure) as well as entanglement width respect to the proper encoding (i.e. 
LOCC) seem to be in fact the same as of a 2D cluster state, as we have illustrated in 
this section. 

Another example of an encoded universal resources is given in Ref. [60j . where 
Bartlett and Rudolph show how to obtain encoded graph states corresponding to 
square and hexagonal lattices as the (approximate) ground state of a nearest-neighbor 
two-body interaction Hamiltonian. The encoding they use is given by Eq. (|49p. and 
they show that MQC can proceed on the encoded cluster states under LOCC (i.e., 
by physical single-qubit measurements) . The focus of Ref. [60] lies on the realization 
of an encoded universal resource state by means of two-body Hamiltonians with a 
constant gap between the ground state and excited states, regardless of the system 
size. Note that, in contrast, the generation of a non-encoded graph states as the exact 
ground state of a two-body Hamiltonian is impossible (see Ref. [HI] ) . 

Encodings into quantum error correction codes are naturally utilized for fault- 
tolerant computation, and the simulation of fault-tolerant circuits (i.e., circuits on the 
encoded logical qubits by quantum codes) with 2D cluster states has been discussed 
in Ref. [62]. Recently, in Ref. [63], fault-tolerant quantum computation with an 
encoded 2D cluster state is discussed. The scheme is based on a high degree of 
verification in terms of error-detection (and post-selection) using a Calderbank-Shor- 
Steane code. Hence, the logical qubits are themselves stabilizer states, so that this 
specific encoding allows implementation of logical cr^ measurements by (transversal) 
single qubit measurements, and logical Clifford gates by (transversal) single-qubit 
gates. The latter property makes arbitrary logical Clifford measurements possible. 
The missing gate for universality, a tt/8 gate, is provided by preparing a logical 
qubit in the corresponding site in a specific state, namely cos(7r/8)|0) -f sin(7r/8)|l), 
together with (transversal) single-qubit measurements. We remark that our approach 
(via Theorem 17) in principle provides an alternative way to perform the required 
logical single-system measurements and hence universal MQC, although it is not clear 
whether fault-tolerance is guaranteed. In Ref. |B1], entirely new schemes for fault- 
tolerant quantum computation using topologically protected quantum information 
(surface codes) have been proposed. We remark that such types of global encodings 
may not be treated in a straightforward manner by the methods developed in this 
article. 
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9. Summary 

In this paper, we have investigated which states constitute universal resources for 
measurement- based computation (MQC), and what the role of entanglement is in this 
issue. 

9.1. Considerations regarding universality in QC and MQC 

Sections [5] and [3] were dedicated to investigating what is exactly meant by 
"universal quantum computation" , and, more specifically, "universal one-way 
quantum computation" . We argued that a distinction needs to be made between 
several types of universality — called CC-, QC-, CQ- and QQ-universality — depending 
on whether the input and output of a quantum computer are allowed to be either 
classical (C) or quantum (Q). In the current investigation of universality in MQC, we 
focused on CQ-universality, due to the following reasons. 

(i) Among the above four types of universality, CQ-universality is the most general 
type any (one-way) MQC model can have. In particular, any CQ-universal 
resource is also CC-universal. The reason that, e.g., QQ-universality is not 
possible, is essentially due to the fact that in one-way models, where resource 
states are processed with local operations only, it is not possible to have quantum 
states as inputs; only classical inputs are possible. 

(ii) Although the most general property of QQ-universality is not achievable in any 
MQC model where resource states can be processed by LOCC only, we have 
shown that a small modification of the scheme — a supplementary "input coupler" 
in the form of a sequence of phase gates or Bell measurements, which is used only 
at the beginning of an algorithm to read in quantum inputs — sufhccs to make any 
CQ-universal MQC model also QQ-universal. 

(iii) Furthermore, as we have shown here, a systematic treatment of CQ-universality — 
i.e., formulation of criteria for CQ-universality as well as construction of new 
universal resource states — is possible. Such an investigation reveals a central role 
of entanglement. 

Nevertheless, it is clear that other types of entanglement also deserve a detailed 
investigation. In particular, if one is interested in quantum computers as devices 
which only provide solutions to classical problems (such as, e.g., prime factoring), one 
is evidently interested in CC-universality in MQC, rather than CQ- or QQ-universality. 
However, systematic treatments of CC-universality, and the role of entanglement in 
such issues, seem much less clear. 

9. 2. Criteria for universality 

In sections|4l[5]and[6l we have developed a framework to investigate (CQ—) universality 
in MQC. We have analyzed which entanglement features any (efficient) universal 
resource must have. We considered type II monotones i5, which are non-increasing 
under deterministic LOCC conversion, and found that every universal resource must 
reach the supremum of any such measure E. Thus, universal resources are maximally 
entangled if entanglement is quantified by such measures E. This insight leads to a 
class of criteria for universality, as any resource which does not exhibit such a maximal 
entanglement, cannot be universal. We have illustrated this strategy by considering 
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the entanglement width measures, measures related to localizable entanglement, the 
geometric measure and the Schmidt measure, and have obtained the following criteria 
for universality (theorems [H [H El [5]) . 

Criteria for universality. For every universal resource, the following measures must 
be unbounded: 

(i) entropic entanglement width E^^; 
(ii) Schmidt-rank width Xwd,' 

(Hi) maximal size Mle of a set of qubits with pairwise unit localizable entanglement; 
(iv) geometric measure Eg, and 
(v) Schmidt measure Eg. 

Subsequently, several examples of non-universal resources have been given. We 
name the ID cluster states, W states, GHZ states and ground states of non-critical 
ID spin systems, as most important examples. 

When efficiency is additionally required, the above criteria can be strengthened, 
as one finds that the scaling behavior (with respect to the number of qubits) of all 
measures E on efficient universal resources must be sufficiently strong: 

Criteria for efficient universality. For any efficient universal resource, the 
measures E^d, Xwd, J^le, Eg and Eg must scale faster than logarithmically with the 
number of qubits. 

We noted that these results agree with recent results stating that MQC can in 
fact be classically simulated efficiently on all resources where the Schmidt-rank width 
grows at most logarithmically with the system size. 

It is important to make the following comment. When assessing the universality 
or non-universality of a given resource, the choice of suitable entanglement measures E 
may strongly depend on the resource which is studied. In other words, every measure 
has a regime of (families of) states in the Hilbert space, where it is most powerful. This 
is most distinctly illustrated when assessing the universality of graph state resources. 
One finds that e.g. the measures related to localizable entanglement are not useful to 
investigate universality of graph states — since all (fully entangled) graph states have 
maximal localizable entanglement between every pair of qubits in the system [23], 
and therefore localizable entanglement does not distinguish between, e.g, the ID and 
the 2D cluster states. Similarly, the geometric measure and the Schmidt measure 
fail to detect the ID cluster states as being non-universal, as these measures grow 
unboundedly on these states. This reflects the fact that all graph states are highly 
entangled in several ways. On the other hand, the entanglement width measures do 
turn out to be very powerful to classify graph states in the context of universality, 
and are e.g. able to identify ID cluster states (and several other examples) as non- 
universal. Hence, we can conclude that an important aspect of this study is to map out, 
for a given measure E, the regime where this measure is useful to detect non-universal 
resources. Conversely, it is important, for a given resource or class of resources, to 
identify those measures E which are useful to asses their universality. 
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9.3. Examples of universal resources 

In section [3 we have presented examples of efficient universal resources (see also Ref. 
[57]), namely the graph state resources associated to the 2D hexagonal, triangular 
and Kagome lattices. We have provided explicit LOCC protocols which efficiently 
transform these states to the 2D cluster states. 

9.4. Encoded universality 

In section [SJ we considered a more general notion of CQ-universality, called encoded 
CQ -universality, in MQC. A resource is called encoded universal if it is possible to 
generate arbitrary encoded states by performing LOCC on the resource. There are 
several reasons for considering encoded universality: 

(i) For many applications (e.g., situations where qudit states are represented by 
encoded qubit states, as well as in fault tolerant schemes), it is sufficient — and 
even preferred — that output states are generated in encoded form. 

(ii) Encoded universality is a weaker notion of CQ-universality than the one 
considered above — i.e., every CQ-universal resource is also encoded CQ-universal. 
In particular, by considering encoded universality in MQC one comes closer to the 
notion of CC-universality, such that insight in the former might lead to insights 
in the latter. 

(iii) A systematic investigation of encoded CQ-universality using considerations 
regarding entanglement, leading both to criteria for encoded universality and 
to new constructions of universal resources, is possible. 

We subsequently studied which criteria have to be fulfilled by any encoded 
universal resource. Most importantly, we found that the Schmidt measure and 
geometric measure of entanglement must be unbounded on every encoded universal 
resource. 

Finally, we provided a class of constructions of encoded universal resources, by 
showing that every CQ-universal resource, which is subsequently encoded, is also 
an encoded universal resource (up to logical Pauli operations). In particular, such 
resources are also fully CC-universal. 

10. Outlook and open problems 

In this paper, we have treated "exact and deterministic universality", i.e., we have 
considered the case where the desired output states are created with unit probability 
(i.e. deterministically) and with unit accuracy (i.e. exactly). In the present study, we 
have not considered the — from a practical perspective — relevant case of approximate 
and non-deterministic generation of the output states. In a forthcoming paper [36], 
we will extend the definition of universality to take these weaker requirements into 
account, and investigate to which extent the entanglement-based criteria established 
for exact deterministic universality can be transferred to this more general case. While 
some measures (most notably local measures such as localizable entanglement) can no 
longer be used, many of the present results carry over to this more general case. In 
Ref. [36j , we will also provide examples of approximate quasi-deterministic universal 
resources that are not exact deterministic universal, including states different from 
graph states. 
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We remark that several questions in the present study remain to date unanswered, 
most notably the issue whether the entanglement width measures can be used directly 
to assess encoded universality. Furthermore, additional insights are needed regarding 
the scaling of entanglement in efhcient encoded universal resources. In a broader scope, 
it would be interesting to understand whether criteria for efficient CC-universality 
differ from the criteria for efficient (encoded) CQ-universality, i.e., whether there exist 
efficient CC-universal resources that are not (encoded) CQ-universal. 

We are convinced that insights gained in the investigation of the universality 
of resources for measurement-based quantum computation allow us to deepen our 
understanding of the nature and the potential of quantum computation. 
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